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Abstract:

Hypothesis testing empowers individuals and organizations to make smarter, more confident
decisions by relying on evidence rather than assumptions. It provides the foundation for drawing
meaningful conclusions from data by promoting fair evaluations of new ideas or performance metrics.
Testing a statistical hypothesis is a two-action decision problem after the experimental sample values have
been obtained,with the two actions being acceptance or rejection of the theory underconsideration.

The entire large sample theory is based on applyingthe ‘normal test’. However, if the sample size
n is very tiny, the distributions of various statistics are far from normality In such cases, exact sample tests,
pioneered by W.S. Gosset and later developed and extended by Prof.R. A. Fisher, are used.

The F-test following Snedecor’s F-distribution is an exact sample test; however, it has several
limitations. By convention, whenpreparing the test,the greater of the two variancesmaybe taken in the
numerator, and the smaller one will be in the denominator to ensure the F-ratio > 1 under H; andto increase
the sensitivity to make it easier to compare with right-tailed critical values.

To eliminate this limitation, a new R- distribution (R- test) has beenproposed in this paper. In this
test,there is no such ambiguity.All important properties and the comparisons with other tests have been

discussed in detail.
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1. Introduction:
1.1. Background:

In statistical investigations, our ultimate interestgenerally lies in one or more characters possessed by the
members of the population. By taking a sample, we observe the form or values of the characters for the
individuals included in the sample. Suppose, that there is only one character of importance (e.g.x), and if x; is the
value of x for the ith member of the sample, thenxi,x»,...,x, are the sample observations. Any statistical measure
calculated on the basis ofsample observations is called a statistic, e.g., the sample mean, sample standard

deviation, proportion of defects, etc.

Again, one of the primary interests will be to know the values of different measures of the population distribution
of x, such as its mean, and standard deviation. A measure of this type, which is calculated on the basis of
population values of x, is called a parameter. The object of sampling is to study the features of the population on
the basis of sample observations. A carefully selected sample is expected to reveal these features and hence we

infer the population from a statistical analysis of the sample.

In almost all sampling techniques, the composition of samples depends only on chance. Therefore, if many
samples of a fixed size are drawn from a given population, the group of units constituting the sample also varies
from one sample to another. These differences in the values of a statistic are called sampling fluctuations. The
parameter has no sampling fluctuations. The frequency distribution of the statistic that would be obtained if the

number of samples of the same size (e.g. n) were infinite is called the sampling distribution of the statistic.

The mean of a statistic will generally be the corresponding parameter, exactly or approximately. The standard
error i.e. the standard deviation of the statistic, then gives an idea of the average error that one would commit in
using the statistic instead of the parameter.(Knowledge of the sampling distribution is necessary in finding

confidence limits for parameters and in testing statistical hypotheses.)

There are two types of problems. First, we may have no information about some population characteristics,
especially the values of the parameters involved in the distribution, and we want to obtain estimates of these
parameters. This is the problem of estimation. Second, some information or hypothetical values of the parameters
may be available. It is necessary to test how far the hypothesis is tenable in light of the information provided by

the sample. This is the problem of the test of hypothesis or test of significance.
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An essential aspect of sampling theory is the study of the tests of significance, which enable us to decide on the

basis of sample results, if

(1) The deviation between the observed sample statistic and the hypothetical parameter value, or (i) The
deviation between two sample statistics, is significant or might be attributed to chance or, sampling fluctuation.
Letx,, x2,..., x, be a random sample from a population of a known mathematical form that involves an unknown
parameter 6. I should try to find two functions ¢; and ¢, on the basis of sample observations such that the

probability of 6 being included in the interval(z,,¢;) has a given value say e
P (t1<9 <t ) =e
This interval is called a confidence interval for 6. The two quantities #;and ¢;are known as confidence limits.

The significance of confidence limits is that if many independent random samples are drawn from the same
population and the confidence interval is calculated for each sample, then the parameter will be included in the
intervals in thee proportion of cases in the long run. Thus the estimate of the parameter is stated as an interval

with a specified degree of freedom.

In the tests of significance, we start with a certain hypothesis about the population characteristics. This is called
the null hypothesis and is denoted by the symbol Hy . For example, the null hypothesis may be that the population

mean is yy , we may write,
Ho: p=po

Any hypothesisthat differs from the null hypothesis is called the alternative hypothesis,which is denoted by the

symbol H; and is any one of the following:
Hizp#po s Hi: pi>po; Hi: <o
The sample is then analyzed to decide whether to reject or not reject the null hypothesis Ho.

Remarks: At the time of formulation of a testing problem devising a ‘test of hypothesis’ the roles of Hpand H; are
not symmetric. To decide which of the two hypotheses should be taken as the null hypothesis and which one the
alternative hypothesis, the intrinsic difference between the roles and the implications of these two terms should be
clearly understood. The consequences of wrongly rejecting a null hypothesis seem more severe than wrongly

accepting it.

In this paper, I discuss only the testing of the hypothesis with the help of a new sampling distribution
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1.2. Looking back:

The chi-square distribution was first described by the German statistician Friedrich Robert Helmert (1875) who
computed the sampling distribution of the sample variance of a normal population.Later on, this distribution was
independently rediscovered by the English mathematician Karl Pearson in the context of goodness of fit, published in
1900, with a computed table of values published in (Elderton 1902). The idea of a family of "chi-square
distributions", however, is not due to Pearson but arose as a further development due to Fisher in the 1920s. In their
paper(1983) R. L. Plackett and Karl Pearson [12] discussed details about Chi-square distribution. Furthermore, we
know about the chi-square distribution from the works of H.O. Lanchester [8], [9] in 1966 and 1969.

The ¢ distribution was first derived as a posterior distributionin 1876 by Helmertand Liiroth. The ¢ distribution also
appeared in a more general form as a Pearson type IV distribution in Karl Pearson’s 1895 paper. This distribution
takes its name from William Sealy Gosset’s 1908 paper, which defined his t in a slightly different way and
investigated its sampling distribution, somewhat empirically, in a paper entitled ‘The Probable Error of
Mean’published in 1908. In 1926, Prof. R.A.Fisher [2], [3], [4], later, defined his own‘t’ andprovided a rigorous
proof of its sampling distribution. The salient feature of*t’ is that the statistic and its sampling distribution are
functionally independent of o, the population standard deviation. Although the distribution of ‘t’ is asymptotically
normal for large n, it is far from normal for small samples. The student t ushered in an era of exact sample
distributions and tests. Since its discovery, many important contributions have been made toward the development
and extension of small (exact) sample theory.

F distribution, also known as the Fisher—Snedecor distribution, was developed by the British statistician Sir Ronald
A. Fisher in 1928. Snedecor tabulated the distribution in 1934, using the letter F in honor of Fisher. The F statistic
is a ratio (a fraction) with two sets of degrees of freedom; one for the numerator and another for the denominator.The
F distribution is a continuous probability distribution that arises frequently in statistical analyses, particularly when

comparing variances.

Neyman & Pearson [11] considered a different problem (which they called "hypothesis testing” by taking two
simple hypotheses). They calculated two probabilities and typically selected the hypothesis associated with the
higher probability (the hypothesis more likely to have generated the sample). Their method always selects a
hypothesis.

An approximation for the chi-square integral by Gray, H.L, Thompson, R.W. and Mc — Williams, G.V. (1969)[7],
an approximation of thestudent’s ¢ distribution by Gentleman, M. W and Jenkins, M. A. (1968)[5], and an
approximation of the F- distribution by George, E. O. and Singh, K. P. (1987)[6] need to be mentioned with great

respect.
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1.3. Looking at Present:

The “Adaptive estimation of a quadratic function by model selection” by Laurent, B., Hunter(2000)[10] and,
Probability for Statisticians by Shoraek, G. R. (2000)[13] are of high importanceand very recent works. Some

researchers [1] have discussed Statistical theoriesin the Fuzzy field.
1.4. Motivation and Novelty:

Today, the F distribution remains an important tool in statistical analysis and is widely used in many areas of
research and industry. Its ability to compare variances and test hypotheses makes it useful in various

applications.

However, this distribution has several limitations. One of them is thatthe greater of the two variances is to be taken
in the numerator andthat thesmaller one will be in the denominator to increase the sensitivity. The decision may be
different if two variances are interchanged. Toovercome this problem and harassment, I propose a new

distribution (Test) in this article.

The test introduced in this paper is based onclassical information theory, which places computations in a context
that has become well-developed and understood in the literature. The majority of its properties have been

developed and proven in detail.
1.5. Looking ahead:

I hope that the new distribution will be widely used today in many fields, including psychology, medicine,
engineering control systems, tax transformation, machine learning, and Al It will also be useful in statistical tests
for the equality of variances in the context of experimental design.More research work might be worked outto

enhance the idea,and that is very important also in the field of fuzzy mathematics.
1.6. Structure of the paper:

Section2.1defines d.f, and sections 2.2, 2.3, 2.4, 2.5, and 2.6 describethe normal, chi-square, F-distributions,
Bartlett’s and Levene’s test respectively. In Section3, a new sampling distribution is introduced and explained
including a figure of its graphs. Its various properties are discussed in Section 4 with its relations with t and F-
distribution. Section 5 presents some assumptions to bemade for the R- test, Section 6 discusses its applications,
Section 6.1 depicts how to perform the R- test for the equality of population variances, and Section 6.2 discusses
critical values of the R- distribution with a clear diagram and three examples. Section 7presentsdetailed
comparisons with F-distribution, 8 consists of a simulation report and 9 indicates the concluding remarks. Finally,
the paper ends with the appendix (10) which consists of two tables regarding significant points of the

£ distribution.
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2. Preliminaries:
2.1. Definition: Degree of freedom: (d.f.)

The number of independent variables that make up the statistic is the degree of freedom (d.f.). The number of
degrees of freedom, in general, is the total number of observations less than the number of independent constraints
imposed on the observations. For example, if k is the number of independent constraints in a set of nobservations

then d.f = (n- k).

In addition, if any of the population parameters are calculated from the given data and used for computing the
expected frequencies then in applying the y2- test of goodness of fit, we have to subtract one d.f. for each parameter
calculated. Thus if ‘s’ is the number of population parameters estimated from the sample observations(n), then the

required d.f. for the y?- testis (n—s -- 1).
2.2. Definition: Normal distribution

The normal distribution is a continuousprobability distributiondefined by the density function (p.d.f)

1 amp)?
X = —¢e 20 , —00 X [0'e) .
f@)= ——e 27 ; (-0 <x < ®)

Where y = mean, o = standard deviation [7 and e are two mathematical constants]
If a random variable x is normally distributed with mean y and standard deviationg, then z = %is called the

standard normal variable. It has the density function

2

f(z)=%e7; (-0 <z < ).

This is a special case of a normal distribution with a mean of 0 and a standard deviation of 1.

2.3. Definition: Chi-square distribution.

A random variable x is said to follow chi-square (y?) distribution if its p.d.f. is of the

n
2

f(x)=K.e‘x/2x( )_1; (0 <x < ).

Where K = is a constant [ I is the gamma function]

1
22 r@/,)
The parameter n (positive integer) is called the number of d.f. Here mean =n andS.D.= v 2n

In general, if, X;, (i =1, 2, ..., n) are independent normal variates with mean y; and variances O'iz (i=1,2,...,n), then
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Xi— Uix2: . . .
X% = ?:1(10—_“’)215 a chi-square variate with n d.f.
L

2.4. Definition: Snedecor Fdistribution

A random variablex is said to follow an F distribution with d.f.n,andn,, if its p.d.f. is of the form f(F) = K -

n (ny+n3)
9571'1(712+n195)'nl "/ ; (0 <F < o).

n
Gi)z
Where K = # is a constant [B (a, b) = Beta function]
272
In general, if y;2 and y,? are two independent chi-square variates with n;andn, degree of freedom (d.f.)
respectively, then theF- Statistic is defined as follows.
xi?
F =21

x22°
na

2.5. Definition: Bartlett’sDistribution

The test statistic follows a chi-squareddistributionwith k—1 degrees of freedom under the null hypothesis.

Chi-Squared PDF:

xv/z ex/Z

flev) = m , x > O0Where:
. v is the degrees of freedom
. I' is the gamma function

Test statistics: To testwhether multiple groups have equal variances.

Null Hypothesisis Hy = of =05 = —— — — — = ok
o2 = (N=k) In(s8)- T, (n;— DIn(s?)

1 (yk T 1
1+3(k—1)(2i:1ni—1 N—k)

.Where

° N= zi'(=1 n;

. s? = sample variance of group i.
. k = number of groups.

. sp = pooled variance.

. n; = sample size of groupi.

2.6. Definition: Levene’sDistribution

The test statistic follows an F-distribution withd; = k — 1 and d, = N — k degrees of freedom.
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Distribution PDF:

v aim)”
dix+dy dix+dy

fxdy,dy) = j(

where x > 0 and

dq d
xB(5+2)

e di = numerator degrees of freedom

e d2 = denominator degrees of freedom
e B(a,b) = Beta function

Test statistics: Tests whether multiple groups have equal variances, but are more robust to non-normality. It is an
ANOVA on absolute deviations from the group means (medians).

Null Hypothesisis Hy = 02 =0 = —— — — — =o?.
Z;; = |Y;; — V|- Where

e Y, is the group mean or median.

3. Definition:  SBs’ R sampling distribution:

If y;2 and y,? are two independent chi-square variates with n;andn, degrees of freedom (d.f) respectively, then
theR- Statistic is defined as

2
X1
R __ nqitny
X2
nz

In other words, Ris defined as the ratio of two independent chi-square variates, in the numerator the first variate is
divided by the sum of two d.f. Whereas in the denominator the second variate is divided by the corresponding
d.f.and follows the R - distribution with (n;,n,) d.f. with a probability function given by ---

. n .
((n1+n2)/n2) 2 RT_l

D e

Derivation of the SB's’ R distribution: [Graphs of theR-distribution for several d.f. are described in Fig.(01)].

f(R) = 0<R< oo.

nq +n2/2 ’

Since y;2 and y,? are two independent chi-square variables with n;andn, (d.f) respectively, their joint

probability differential is given by ---

1 24122 Ny y_ N2/ y_
dF 02 x2") = wm——— . eXp{——(X1 = )}x )27 0H 27 dy g
2z ré&Hréz

Let us perform the following transformation of the variables —
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2

X1
: n{+n .
R="5%, u=x% 0< R< owand 0< u< oo.
X2
ny
n{+n; ; n{+n, ..
Therefore’xlzz 1n ZR'XZZZ%RU and)(22=u
2 2

The Jacobian of transformation J is given by ---

6)(12 6)(22 n;+n; 0
2., 2 r e ——u
j= et | ok R | n, _omitny
aRu) ox? ax? Dyt Ny R 1 n;
ou ou nz

Thus, the distribution of the transformed variable —

n
. 1 u n;+ n, . n, + n, . \( /21 .
dG(# v) = —s; exP{_E(” 1 2R>}X< L) /271 ] |du di
27z I'E)r) N2 n2
nl/
n;+n, 2
u n;+ n, . ny+ny, \_ o.M/ ) .
= n1(+n:2 ) eXP{_ E(l * ¥R>}(U)( /)1 U7 gy gk
27 TEHre "2

where 0< R< wand0 < u < oo.

Integrating w.r.t u over the range 0 ---oo, the distributionof -k becomes

(m)“l/z PEAE

f (R)dR = N2 e [ exp {_ %(1 + %R)} (u)(n1:112)—1 du]
2 2 F(“Z—l)F(%Z) 0 2
R
- LRI n 1 nq+ny.y , A1tnz ’
2 2 ['(71)1*(72) [5(1+ 1n_22R)] 2
. (nl * nz/nz)nz_1 e .
f (R) = X , 0< R< oo,
B(ﬂ,"_Z n . (n1+n2)/2
2’2 [1 + ( 1+n2) R]
nz
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(4, 4) d.f.

(4, 8) d.f.

Figure: 01. Graphs of -R- distribution curves for various degrees of freedom.

The probability density function of & is as follows:

ni+ny - (ot nZ)/Z (n1+ n;/ )nTl
e = e 1+ ()] if xe [0,00) where ¢ = /2"
. 5% %)
0 if x elsewhere
N _ (n1+n2)/2
Prooff f(x)dx = cf X7 [1 + (nl nz) x] dx
n;

Jy =2 £)2 (1 +¢6)” (M5) 4t [takmg( nz)x=t].

r11+n2 n{+n,

=c(L)nTlfw(t) 1467 () ae
0

n, + n,

=c(— ) B(“1 “2) =1 [By setting the value ofc].

n1+ n,

4. Properties of the Rdistribution:

4.1. Expectation of the Rdistribution:
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+ _(ng+ nz)/2
Ex) = f x f(x)dx = cf x.x3 [1 + (nln nz) x] dx
2
' ng
® ny n; + n, - (n1+n2)/2 (nl * nz/nz) ’
=cf X2 [1+(—)x] dx. [Here, c= ]
0 n B(% %2

n ®.on ny (n+17) n, + n
=C 2 f ( 2 t) 21 (1 + t)— ni+np /2 dt’ [taklng (#) X = t]
nq + n, 0 nq + n, n,

— C(—le )nz—l“f (5 1)‘1(1 + ) (G + D+ (G- g¢
n; + n, 0

= ¢ 2) B(m 41,2 1)

n;+n,

1
n;+n, 2 o3
= ( /nz) x( e )ZHX B(“71+ 1,“72—1), [By putting the value of ¢ .

B(nl n2 nq{+np
_( n, )F(“71+“2—2)1"(“2—1+1)1"(“2—2—1) o F( +1)F( -1
B n, + n, I—'(nTl)r(nz—z) F(n71+1 +n72—1) B n, + n, F(rlz—l)r(T
n, n; 1 n{n,

nl + n2 ?nz—z—l - (nl + nz)(nz - 2) ’

where 22— 1> 0,0r,72 > 1, or, n, > 2.[Because both the arguments of the beta function must be

strictly positive]

4.2. Variance of R distribution:

Variance = E(x2) — [E(x)]?

_(ng+ nz)/z

@ @ n n; + n
E(x?) = f x? f(x)dx = cf x%.xz2 7t [1 + (¥) x] dx
0 0 ny
Cm
- _(n1+n2)/ n;+1ny\2
n n;+n 2
= cf xatt [1 + (#) x] dx. [Here, c¢= ( =2 ) —2 ]
0 nz B(nzl ’1122
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n
n “r n P + n; + n
2 f ( 2 t)z 1+ t)_(n1 n2)/, dt, [taking ( 1 2>x _ t]
0

c
n; + n,

n1 + nz nZ
n n *° n n n
= ¢(—2—)7+2 f ¢ (5+2)- Y1+ o) G +2)+(F-2)] g
n, + n, 0
(2 ()"
ny n1+ n, nq n, _
= B("Z—l,nz—z xB(7+2,7 2)

(2 )2 ré+%) (- )ZF(“%+’;—2)F(‘;—1)(’;—1)F(‘;—2—1)(%+ 1)

ny + 1y reprey ny + ny/ I'éHrcg) re+32)GF-2)

:( n, )2 (nz_l)(%‘*'l)r(n?z _( n, )2 (ny + 2)ny

ng+ ny/ ') (ZF-2)F-1) " \ng + ny/ (ny -4y —2)
2 2
. . _ n; (ng+2)ny n;n,
Therefore, the required variance = (n1+ nz) EyT— [ TS (n2—2)] ,
wheren, > 4
4.3. Mode of the R_distribution:
S
) an_l_1 (n1+n2/ )7
We know that f(R) =c Ty where ¢ = e nzz is a constant.
[+ 28] ’

Therefore, log f(R) = logc + {“2_1 — 1} log(R) — ﬂl [1 + (n1+ nz)R]

n;

alogf(R)z(E_l)l_nl'l‘ nz 1 1’11+ nz
R 2 R 2 1+(n1+n2)R ny
nz
of(R) _, _ m=—2_  (u+m)?
oR 2R 2[n, + (n; + ny )R
n,(n; —2)

= . Wheren,; > 2.
(n; + ny)(n; + 2) !
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n;(n;-2)

It can be easily verified that at this point,-f (R) < 0. Hence, Mode = it @D

Note:

1) Since, R > 0, the mode exists iffn; > 2.

i1) Since Mode = 2 M=% 4he mode of the & - distribution is always less than unity.
(n3+1nz) (nz+2)’

iii) The Mode is at 0 whenn; < 2. This is because the R- Distribution starts at zero and has no
maximum value when n; < 2.

When n; > 2, the mode will shift as the degrees of freedom change.

. . . Mean—Mode
iv) Karl Pearson’s coefficient of skewness is given by S, = — > 0,

Since, in this case, Mean > Mode. Hence the R - distribution is positively skewed.
v) The probability p (R) increases steadily at first until it reaches its peak (corresponding to the modal
value which is less than 1) and then decreases slowly to become tangential at ® = ooi.e. the R- axis

isasymptotic to the right tail.

4.4. Higher moments:

The kth moment of the & random variable X is well-defined as

Proof: From the definition of moments we obtain ------

o N+ n _(n1+n2)/2
() = E[XH] = f X f () = ¢ j ek 2 14 () dx
— 0 0 2
o _(n1+n2)/
2
=cf xz+k1[1+<u)x] dx
0 n;
ny
n © n S tk-1 n; + n
- ¢ 2 f ( 2 t) 2 (1 + t)_(n1+ Hz)/z dt, [takmg ( 1 2>x — t]
n; + npJ, \n;+ n, n;
= ( 12 )“2—1+kf (5 ")‘1(1 + ) (G R+ G101 g
n; + n, 0
L Bk ' =
ni+ny\2 ny 2 n; +n 2
= ( e ) (n1+n2 t) X B(ﬂ+k3—k) [ putting the value of ¢ = (I—Z/HZ)]
Az %) S %)

_( n, )"F(“—1+“—2) rE+rkrea-x

n; + n, DrErE+k+2- k)
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:( n, )"‘ I G+l E-Kk)

, where,n, > 2k.
réréz 2

nq+np

Note: The above integrals do not converge when n, < 2k

4.5. Moment Generating Function:

A R random variable does not possess a moment-generating function. We have proven that the kth
moment of R exists only whenn, > 2k, but a random variable must possess a moment-generating

function for all finite k € N.

4.6. Relationship between ¢ and the R - distribution:

In R distribution with (n,n,) d.f., if we take n; = 1,n, = v, then the probability differential

of R transforms to

(1+v)/2

dG(x) = (1(+V)2 7 [1 + (1 1_ V) x]_

Again, taking(1 + v)x = t? i.e. (1+ v)dx = 2tdt, we obtain

1
1+Vv\2 _(1+V)/
((12)(1+ )"1[ %] 2 Gt , 0<t?<oo.

-]

[The factor 2 disappears since the total integral in the range (—o0 , ) is unity.]

dG(t) =

1
T %

(+V)/2 dt,—oo <t <oo.

This is the probability function of the Student’sz-distribution with v d.f. Hence we have the

following relation between the ¢ and R distributions.

If a statistic t follows Student’s z-distribution with vd.f, then ¢ 2 follows the R —distribution with
(1, v) d.f multiplied by (1 + v) .Symbolically,

If  t~t, ,thent? ~ (1 + V)R ).
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With the help of the above relation, all the uses of the #- distribution can be regarded as

n(x —p)*
(1+n)s2

applications of the R - distribution, i.e. instead of computingt = ;C/;”, we may compute R =
Vn

andthen apply R — test with (1, n) d.f. and so on.

4.7. Relationship between F and the R distribution:

R~ 1 F(ny,ny)
n; + n,
These two distributions involve ratios of chi-square variables. Although they look similar, they represent
different statistical distributions due to how the denominators are constructed. In R- distribution, the
numerator is still chi-square distributed, but it is scaled by a larger denominator than what is expected in

F-distribution.

4.8. Special property (1): If R = %R’, then R is a R(n,, n,) variate.
1
. p_ _ manp 1 . nmyn; dR
Proof: We have R = mg N = m? .
nq NG
(n1+ n2)7[ nin, i]nz_l_l | _ nin, d_R |
dpP R' ny (ng+ny)2 R’ (ng+ nz)z 12
( )_ B(n1 ny [1+ (n1+ nz) nqyn; ](n1+n2)/
2 ny (ny+n3)2 g
o o ., m o ng ..o, N
i et e o) e
— 1tnp —
ng ngyg, M 1,2, ng npy M1 1 (n1#nz)/  (mi+ny (ng+nz)/
B( 2 72 n1+ an'] B( 2 72 n1+ nZR ] [1 ( )( )]
ng Ny 0g, 02
(n1+ nz)T[ niny ]nz—ldR’(R’) 1= 4543 [ nq ]%_112_2
n (n1+ny)? ni+np

1y, (M1+n2)
B(3 % 1+(n1:1n2)(R )] /2

(n1+n2) ( ) ldlé,

(% e (P )

(nz' ng).

niny
(ng+1n2)2R(ny ,ny)

Therefore R = is a R(n, , n,) variate.
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4.9. Special property (2): Whenn, = 2, the significance level of & corresponding to a significant

2
probability p is R = (p nz — 1)

2+n,
n n1/2 n 2
552 r&hzy : r(1+32) 1+ ) )
Proof: dP(R) F(nl)r( =) n +n2~ nl-gnz dR = ny 2+n2 1+— ny 1+nz_2dR:
(1+2572R) rr(R)ETH (35 +R)

LI
%dk

(2+1’12+R) :
Hence, p = f f(R)dR = nzz 2+n )nz_szood—énzz

np
S0,p = [—2]2
(2+21’12 )
2
=>p n2=1+(1+ niz)R
iRz(l) "= )Z+2n2

4.10. Special property (3):

Xl
Asn, > o, R—>0.e. lim R= lim "};22 = 0 (In probability)
na

X2

2
Proof: As n, —» o ,=— — 1 (By the law of Large Numbers)
n;

2 o
ﬁ){z = Nn,.

ny

i — 0 1.
Again, as n, e 1
_x? , 5
n .
So, R =112 — ( 2 )XLZ ~1.2 50 (In probability )
XZ n;+ny/ x2 ny
nz

5. Assumptions for S.B.s> R- test: (for the equality of population variances)
The following assumptions are made in the S.B.s’ R- test:
1) The parent population from which the sample is drawn is normal.

i1) The sample observations are independent.
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1i1) The population standard deviation ¢ is unknown.

iv) In preparing the test, the variation that is bigger between two variables, shouldn’t be considered.

6. R- distribution applications:

6.1. R- test for equality of population variances.

Under the null hypothesis (Hp) : 62 = Gf, = o0, i.e. the population variances are equal, the

K. s2
sz’

statistic R is given by R =
v -1 . .
WhereK is a constant = — 1;11/ 5 [this is known to be a R constant] andwhere
1 2=

1
v1—1

— 1 —\2 . . . .
Sz = Y1 (x; —X)% and S§ = Ezrﬁl(yj — ¥)"are unbiased estimates of population variance

o?obtained from two independent samples and follow R distribution with (v; — 1,v, — 1) d.f.

vysZ K V152 1

kst Kightl googal 1CE) Grmreen) . -
Proof (1) R= -2 = ——— = —=% = s by setting the value of K.
Sy [v =15y ] [sty 1 ] [sty 1 1
2 0—% ' Vz—l 0—% ' Vz—l
. V152 vass ) ) ) .
Since 2 and —2are independent chi-square variables with v; — 1
x y

and v, — 1 d.f. respectively, R follows S.B.s’ R- distribution with (v; —1,v, — 1) d.f.
Proof (2): We may prove this with the help of the maximum likelihood function.

Let us take two normal populationsN (u; , 62 ) and N (u, , 62 ) where the means pq, i, and

variances of, o4 are unknown.We want to test this hypothesis

(Ho): 03 = 0% = o unknown with u; and u, unspecified against the alternative hypothesis

(H)): 62 # o3 with u; and u, unspecified.
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If %43, (1=1,2,....,m)and x,;,(j=1,2,...., n) are two independent random samples of sizes

m and n from N (u;, 62 ) and N (u,, 07 ) respectively then, the likelihood function is

[ 2_;2271'21(9511' —11)%]x( znlc722 /s exp[— 2172225.;1(3521, — Uy)2]-~(T)

In this case, the parameter spaceR = { (uy, u,, 02, 02);—0 < u; <o; o2 >0,(i=1,2)}
The subspace w = {(ul, U, 02):—00 <p < oo; (i=1,2), 6*>0}

The maximumlikelihood estimates for pyy, 1, , 0, o4 are given by the equations

_ )
aullogL =0 = 4= Zﬁﬂ‘u’: X -
1 _
aleogL =0 = [, ——Z}lez]- = X,.
A 1 _
@bgL =0 = 6f=—YL(xy—%)?=s{ (say). S (I
9 ap 1 _
@1053’1' =0 = 6} == Tl — %)% = s5 (say) .

Putting in equation --- (I), we obtainthe maximum of L in the parameter space {2 as --

_(m+n) /2

L(Q) (Zns )m/ 2n52 ) (I

In the parameter subspacew of (2, the likelihood function is given by

(m+n) /

L = || el -

—u)* + Zj(xzj - Hz)z 3 ----(AV)

The MLEs for pi; , i, and & are given by

= X1, iz = Xy V)
R N2
and 0 = (m+ ) [ Xilx1; — H1)2 + Zj(xzj _Hz) ]
_ _ N2 24+ ns3
= s [T = #)2 + T - %) ] = T e (VD)
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Substituting from (V) and (VI) in (IV), we obtain the maximum of L in the parameter subspace w as ----

m+n (m+n)/ _ (m+n)/
2 - e 2
2n(m st + ns2)

L@) = [

The criterion for the likelihood ratio test (A) is given by ------
_ @) _

L(@) memy  (sD)"/2(s3)/2
_L(ﬁ)_(m+n) 2{

(m+n) /2

A

(ms? +ns?)

_ )™ (msha(nsh)z |

m/, . (m+n); J
m 7zn /2 (ms?+ns2) /2

(VID)

¥ (x13—%1)? (m-1)

c e (meD(min—2) _ St
We know that under H, the statistic R = S (2 522 =5 K (VIID)
(n-1)
m Sz
=M1 here s2=S2and ——s2 = S2

n-1

_ m(n-1)s?

" n(m-1)s2

2 _ . _ )
Therefore, 7;1551 _ (m-D 4 (min-2) 4

(m+n)(m+n)/2 [ (m+n—2)R ]m/z
Substituting in (VII) and simplifying, we obtaind = L (n-1)
m"/2n"/2 (14002 mm),
(n-1)

This follows that A is a monotonic function of R hence, the test can be carried out with &, defined in

(VIII) as the test statistic.

6.2. The critical values of the R-Distributions are as follows:

The region of rejection of Hyp when Hy is true is that region of the outcome set where Ho is
rejected if the sample point falls in that region and is called the critical region.The size of the critical

region isa, the probability of committing a type I error i.e., rejecting a true null hypothesis.

The available R-Table (given in Table: 01 and Table: 02 in this article) gives the critical values
of the R right-tailed test, i.e., the critical region is determined by the right areas. Thus, the significant
values R, (n ,n, )at the level of significancea and (n,n,) d.f are determined by -----
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P[R > Ra(nl,nz)] = a, as shown in Figure: 02.

p (R

Critical value

/
/

Rejection Region ( o)

Acceptance
Region (1 -- o)

Ra (111 ;M2 )

Figure: 02: Critical values of theR- distribution.

6.3. Type I Error (a): Rejection of a true null hypothesis.

ny
n,+ nz.

R(ny,n,) ~ c.F((ng,n,) ,where c =

P®R<c. Fa/z(nl,nz)ork > ¢.Fy_ay,(ng,nz) |Hy) = «a
So, the Type I Error rate is still a.

Probability of Type I error = Level of significance = Size of critical region.

Type II Error (f): Acceptance of a false null hypothesis. (Type II Error rate)
2
Suppose the true variance ratio is r = % # 1.Then under this, the
2

R(n,, ny)distribution becomes a non-central F-distribution and hence
R(nl, le) ~ C.T. F((nl, le).
Therefore, f = P(c. Fa/z(nl, n,) < R < c.Fy _ay, (nq,n,) | Hy).

This can be calculated numerically for given values of ny, n,, r, a.
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Thepowerofa statistical testis theprobability that it correctly rejects the null hypothesis Howhen
thealternative hypothesis H; is true.
Power = 1- Probability of Type Il error =1 -3

= Probability of rejecting Ho when Hj is true.
Example: 01. In one sample of 8 observations the sum of the squares of the deviations of the
sample values from the sample mean was 84.4 and in another sample of 10 observations it was

102.6. Test where this difference is significantat the 5% level.

Solution: Here, v; = 8,v, = 10, Y (x — ¥)?=84.4,Y(y — ¥)?=102.6,

R constant K = 0.4375, S% = ﬁz?;l(xi —%)? = 22 = 12.057 and
-

V2

1 2 102.6

Sz — E —y) =—=114
Y v, —1 j=1(y] y) 9

Under Hyp = 02 = of, = o0, i.e.the estimates of o%given by the sampler are equal, the test statistic is

K. Ss% _ (0.4375)(12.057)
sz 11.4

Tabulated R, o5 (7, 9) d.fis 0.0018. [From Table: 02, given below in this paper.]

= 0.4624.

Since R > R, ,5Hy may be rejected at the 5% significance level.

Example: 02. Two random samples yielded the following values:

Sample size sum of squares of deviations fromthe mean
1 5 80
2 6 200

Test whether the samples come from two normal populations with equal variances.
Solution: The null hypothesis is as follows: Two samples are drawn from two normal populations with

the same variances, i.e. Hy= 0% = 0% = o©.
Here we may apply the R-test to testthe equality of variances.

We are givenv; =5,v, =6,%(x— )% = 80,%(y— ¥)? = 200

1 — 80 1 _\2 200
Sk = X0 -0 = =20, S{=-—%"(y-§) == =40

V1—1 1 -Vz_l
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K SZ  (04444)(20) _
Z 0 = 0.2222

Here K= 4/9 = 0.44444. Therefore, R =

The tabulated value of Ry o5 (4,5) d.f. is 9.24. [From Table: 02, given below in this paper.]

Since R < R, o5Hy may be accepted at a 5% level of significance.
Again, Tabulated value of R 5, (4,5) d.f. is 16.11. [From Table: 03, given below in this paper.]

Since R < R o; Hyp may be accepted at the 1% significance level.

Example: 03 Two random samples are drawn from two populations and the following observations
were obtained ------
Sample I: (x) 15 17 18 19 20 21 22 24 26 28
Sample II: (y) 15 19 22 23 24 25 26 28 30 32 34 36 37
Find the variances of two samples and test whether the two populations have the same variance.
Solution: Here,x =21 and y =27, v; = 10, v, = 13, Y (x — ¥)? = 156,%(y — ¥ )? = 524

1
v1-1

K=04285.R =

156 1 —\2 524
Sz = Y2 —c)? = -=1733, S§= %2,y —3) ==, =43.66.

v—1
K. SZ _ (0.4285)(17.33) _ 0.17012

s? 43.66
The tabulated value of Ry o5 (9, 12) d.f. is 0.024. [From Table: 02, given below in this paper.]

Since R > R, 45 Hy may be rejected at the5% level of significance.
Therefore, we conclude that the two populations may not have the same variance.

Alternative procedure:

If we interchange the values of x and y experimentally, then we have
Xx=27andy=21,vy; =13 ,v, =10,X(x — ¥)? =524,y — y)? = 156
2
st=—yn (M7F) =4366 ., st=——3"(y-7) =1733.

v1—1 V-1

K S _ (0.57)(43.66) _
sz 1733

Tabulated value of Ry o5 (12, 9) d.f is 0.00011.

K=0.57, = R= 1.43

Since R > R, ,sHy may be rejected at the5% significancelevel.

Therefore, we conclude that the two populations may not have the same variance.

PAGE NO: 22



Journal of Systems Engineering and Electronics (ISSN NO: 1671-1793) Volume 35 ISSUE 12 2025

Remarks: In all three above examples, the greater variance has beentaken in the denominator but this is

not acceptable in the F-distribution.

7. Comparisons between R and F distributions: (for testing the equality of population variances).

1) In the F-distribution, generally the greater of the two variances is to be taken in the numerator and n,
corresponds to the greater variance by convention, to ensure the F-ratio > 1 under H;, making it easier to
compare with right-tailed critical values and this increases sensitivity. large F-values strongly indicate
inequality of variances. However, this is not the case in the R- test.In this test, everyone can choose
which variance will be in the numerator and which variance is in the denominator.

ii) In particular, when the sample size is very small, the R- test is more appropriate than the F- test.

iii) The mode of R - test is always smaller than that of the F-test. This difference grows larger as n»

increases. For example, let nj= 10, n2 = 20. Then

Mode (F) = 0.727, Mode (R) = 0.242, a significant leftward shift in the distribution.

Comparison of Two Distributions

P~ F(10,12)

1.6 - ; | ¢ Xsfln +nz)
j.‘?l'h
=== Theoretical F(10, 12) PDF
1.4 1 t
1.2 4
1.0 |
2
w
c
&

Value

Figure: 03. Comparative histograms of two distributions with n;=10, no= 12 degreesof freedom.
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iv) From the figure.03, we have the following observations ------ -

x12

The blue histogram represents the distribution of % . This aligns clearly with the F-distribution
np
curve (black dashed line). It is expected since it is an F(10, 12) distribution.
x?
The orange histogram represents the distribution of % . This distribution is compressed towards

nz

zero. It lies to the left of the standard F-distribution because the numerator is being divided by a
larger numerator than in the F-distribution.

The peak of the orange distribution is higher and shifted leftward (maximum values are close to
ZET10).

This shift to the left in the distribution of R makes it less likely to detect large values.

The spread is narrower with fewer high outliers compared to the F-distribution

The standard F-distribution has a larger right tail, indicating more extreme values due to less
compression in the numerator.

The R curve is leptokurtic.

8. Results of simulations: [Among F-, R-, Bartlett’s and Levene’s tests for (10, 20)d.f.] [Illustrated in

table 01 and figure 04]

Table 01: Final observations (10,000 Simulations, Normal data)

Test mean Mode | Variance | Sensitivity | Robustness Assumes
Statistics Normality
F 1.425 1.32 0.297 High Low Yes
R 0.693 0.61 0.158 Medium Low Yes
Bartlett’s 0.989 0.75 1.949 Very High | Very Low Yes
Levene’s 0.971 0.83 0.581 Low High Data may be
non-normal
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Comparison of Test Statistic Distributions (Under Null Hypothesis)

F-distribution
R-distribution
Bartlett's Test
Levene's Test

2.51

2.01

154

Density

1.0 1

0.5 4 -

0.0 - ¥ T T T T
0 5 10 15 20 25
Statistic Value

Figure 04: Simulations Histograms of four distributions for (10, 20) degrees of freedom.

9. Summary and concluding remarks:

In this work, a new sampling distribution SBs’& — distributionis proposedin Section 3 to
overcome the limitation of the F- distribution. Various properties have been thoroughly discussed. The R
- distribution is clearly positively skewed, andthe probabilityp(R)increases steadily at first until it
reaches its peak (corresponding to the modal value which is less than 1) and then decreases slowly to
become tangential at R = oo,i.e., theR- axis isasymptotic to the right tail.

It is also clear from the above discussion that & — distribution is more accurate when the
sample size is small i.e. in a real sense it is an exact sampling distribution.

The newly proposed R- testmight be preferable in the following cases -----
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In building a model where one wants to suppress the influence of y;? relative to y,2.
In this case, reduced scale couldbe useful.
In machine learning or empirical modelling, where we are not calculating formal influence but just

balancing the magnitude.

=
NN
N

Rhas afixed upper bound.R < = Fandthe scaling factor Tn keepsall values in a compressed
2

=
o
[N

ng

S
N

range.

This could be usefulin data compression, tax transformation, or feature scaling interpretability and
boundedness like other statistical properties.

In non-parametric settings or engineering control systems, we might create a ratio like Rto weigh
evidence differently, e.g. putting less emphasis on volatile data from a small sample (numerator).

This could be useful for any threshold decision.

I am leaving these theories for further research (for junior researchers / my students).

10. Appendix.

Table: 02 R- distribution,
(Significant Points) Values of Ro.os, Ny

1 20.05 | 10.54 6.75 5.23 2.71 2.65 2.00 1.90 1.50 1.10 0.60

133 9.50 4.42 2.31 2.14 1.285 | 1.05 0.975 | 0.77 0.623 0.579

139.2 | 101.4 71.8 58.8 45.8 27.3 25.5 16.33 | 14.54 11.68 7.3

0.951 | 0.986 0.915 | 0.835 | 0.688 | 0.649 | 0.621 | 0.573 | 0.523 0.311 0.215

0.425 | 0.696 0.794 | 0.707 | 0.658 | 0.600 |0.450 | 0.413 | 0,334 0.295 0.183

2
3
4 |7.01 32.49 225 13.75 | 9.24 6.348 | 3.44 2.8 2.63 2.357 1.25
5
6
7

0.013 | 0.137 0.187 | 1.27 1.17 0.65 0.127 | 0.002 | 0.0018 | 0.0015 | 0.0011

& 10.002 |0.0070 |0.072 | 0.163 | 0.151 | 0.138 | 0.100 | 0.051 | 0.009 0.0057 | 0.00058
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9 0.091 | 0.11 0.145 | 0.189 | 0.238 | 0.19 0.165 | 0.145 | 0.1257 | 0.093 0.024
10 | 0.001 | 0.007 0.012 | 0.014 | 0.016 | 0.018 | 0.012 | 0.007 | 0.0065 | 0.0013 | 0.00008
8 8 7 8 85 9 0 4
12 | 0.000 | 0.0000 | 0.000 | 0.001 | 0.001 |0.001 |0.001 |0.000 | 0.0001 | 0.0000 | 0.00006
06 75 76 2 5 86 9 4 1 824 9
Table: 03 R- distribution,
(Significant Points) Values of Rggq. ny, 1y
n;
n, 1 2 3 4 5 6 7 8 9 10 12
1 87.03 | 83.94 | 15.1 | 12.6 | 6.15 | 5.14 | 3.56 | 3.2 2.5 1.8 1.3
6 4
2 3333 | 495 | 123 1 6.00 | 296 | 2.73 | 2.12 | 1.71 | 1.458 | 1.28 | 0.994
3 2 3
3 169.1 | 1554 | 118. | 103. | 72.5 | 435 | 362 | 29.5 | 22.6 | 185 | 17.43
4 5 2
4 21.8 | 66.16 | 66 | 22.7 | 16.1 | 11.76 | 6.8 | 3.53 | 298 | 2.88 | 2.70
7 7 1
5 1.003 | 1.267 | 973 | 0.86 | 0.86 | 0.772 | 0.62 | 0.60 | 0..567 | 0.42 | 0.272
3 1 6 9 4
6 0.665 | 0.805 | 0.93 | 0.72 | 0.68 | 0.621 | 0,52 | 0.42 | 0.388 | 0.33 | 0.238
5 2 9 7 1
7 0.02 | 0.343 | 047 | 1.34 | 1.22 | 0.70 | 0.20 | 0.00 | 0.001 | 0.00 | 0.001
9 2 89 9 155 37
8 0.005 | 0.013 | 0.15 | 0.20 | 0.14 | 0.145 | 0.12 | 0.07 | 0.010 | 0.00 | 0.001
3 15 8 1 5 8 69 3
9 0.163 | 0.245 | 0.30 | 0.35 | 0.36 | 0.358 | 0.34 | 0.28 | 0.144 | 0.10 | 0.045
7 6 8 1 6
10 0.002 | 0.000 | 0.16 | 0.01 | 0.02 | 0.020 | 0.01 | 0.00 | 0.006 | 0.00 | 0.000
14 5 92 04 7 6 97 8 36 85
12 0.000 | 0.000 | 0.00 | 0.00 | 0.00 | 0.002 | 0.00 | 0.00 | 0.000 | 0.00 | 0.000
13 6 128 | 18 | 189 59 26 16 236 | 0085 | 07
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