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LINTRODUCTION

J.C. Kelly [4] introduced the concept of bitopological space.W. J. Pervin [9] was
define connectedness in a bitopological space. J. Swart [12] studied connectedness
in bitopological spaces. Tri topological space is a generalization of bitopological
space. The tri topological space was first initiated by Martin Kovar [5]. S.
Palaniammal [8] studied tri topological space and he also introduced fuzzy tri
topological space. D.V. Mukundan [7] introduced quad topological space. We [13]
[14] introduced tri connectedness in tri topological space and quad connectedness
in quad topological space. Penta topological space was introduced by Muhammad
Shahkar Khan and Gulzar Ali Khan[6]. We [15] discussed open sets in Penta
topological space.

In 1965, Zadeh L.A. [16] introduced the concept of fuzzy sets. In 1968 Change
C.L. [1] introduced the concept of fuzzy topological spaces. K.S. Sethupathy Raja
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and S. Lakshmivarahan [11] introduced connectedness in fuzzy topological space.
Kandil A. [2] [3] introduced fuzzy bitopological spaces. We [10] introduced fuzzy
connectedness in fuzzy tri topological space. In this paper, we introduce fuzzy

connectedness and fuzzy separated sets in fuzzy penta topological space.

II. PRELIMINARIES

Definition 2.1[13]: Let (x,1,7,,7,) be a tr1 topological space, a subset 4 of X is
said to be tri disconnected if and only if it is the union of two non-empty tri
separated sets. That is, if and only if there exist two non-empty separated sets C
and D such thatc naici(D)=¢, tricl(C)nD=gand A=CuD , 4 is said to be tri

connected if and only if it is not tri disconnected.

Definition 2.2[11]: A fuzzy topology X is said to be disconnected if X = 4U B,

where 4 and B are non-empty open fuzzy sets in X such that 4nB=¢. A fuzzy
topological X 1s said to be connected if X cannot be represented as the union of

two non-empty, disjoint open sets on X .

Definition 2.3[6]: Let (X, ) be a p-topological space. A subset A of X is called
penta-open (p-open) if A e U ;i€ {l,2,3,4,5} and its complement is said to be
penta-closed (p- closed).

III. CONNECTEDNESS IN Fp-TOPOLOGICAL SPACE

Definition 3.1: Let X be a nonempty setz ,z z,,7, and rare fuzzy topologies on

X .Then a fuzzy subset y,of space X is said to be fuzzy p-open if
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2, <71 ur ur,ur,Urand its complement is said to be fuzzy p-closed and set X

with five fuzzy topologies called fuzzy p-topological spaces (X,7 ,7 ,7;,7,,75).

Definition 3.2: Let (X,7 ,7 ,7;,7,,75) be a fuzzy penta topological space and let

X, <X . The intersection of all fuzzy p-closed sets containing y, is called the
fuzzy p-closure of y, & denoted by p-ci(y,). We will denote the fuzzy p-interior
(resp. fuzzy p-closure) of any fuzzy subset, say of y, by fuzzy p-int(y,)(p-cl(z,))
,where p-int(y,) is the union of all fuzzy p-open sets contained in y,, and

p—cl(y,)1s the intersection of all fuzzy p-closed sets containing y, .

Definition 3.3: Let (X,71,7,,7T374,Ts) be a fuzzy penta topological space. X is
said to be Fp-connected if X cannot be written as the union of two disjoint non-
empty Fp-open sets.

Example 3.4: Let X= {1, 2, 3, 4} be a nonempty fuzzy set. Consider five fuzzy
topologies 7 ={1,.0,c. 7, 2y b7 =11 0o 2y Hus 1o 7 = 11 0 2 b7 = 10000 20}

Ts = {1y, 0x} Fp-open sets are (i,,0,, 7, Zu» Xy Zuops Zusy b » < CANNOL be written as the

union of two non-empty disjoint Fp-open sets. Hence X is Fp-connected.

Theorem 3.5: Fp-topological space X is called Fp-connected if and only if X
cannot be written as the union of two non-empty disjoint Fp-closed sets.

Proof: Suppose X is Fp-connected. Ifx-, v, wherey, and y, are two non-
empty disjoint Fp-closed sets. 5, =1, -z, And 4, =1, -,,. Since y, and y, are Fp-
closed sets and 7, , x, are Fp-open sets.x - 4, v ,, Where z, and y, are non-empty

disjoint Fp-open sets.

Claim: X is Fp-connected.
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If not, let x-,, v, where y, andy, are two nonempty disjoint Fp-open sets.
2, =1 -z, Andy, =1, -4, , 7, and y, are Fp-closed sets.

X =y, v, Where y, and 4, are non-empty disjoint Fp-closed sets.

Hence X is Fp-connected.

Theorem 3.6: An Fp-topological space X is Fp-connected if and only if there does
not exist a non-empty fuzzy set which is both Fp-open and Fp-closed.

Proof: Suppose X is Fp-connected. If there exists a non-empty fuzzy set y; which
is both Fp-open and Fp-closed. Then i, -, is a non-empty fuzzy subset of X which
is both Fp-open and Fp-closed. Hence ,,vi, -4, =x where g, andi -, are non-
empty disjoint Fp-open sets. Hence there does not exist a non-empty fuzzy set
which is both Fp-open and Fp-closed.

Conversely, if there does not exist a fuzzy non-empty set which is both Fp-open
and Fp-closed.

Claim: X is Fp-connected. If not, let y, vy, =1, where », and g, are disjoint
non-empty Fp-open sets. Since 5, -1, -4, ,1, -, 18 Fp-open set.

25,18 Fp-closed set. 4, is a non-empty fuzzy set which is both Fp-open and Fp-

closed. Hence X is Fp-connected.
Theorem 3.7: X is Fp-connected if and only if X cannot be written as the union of

two non-empty fuzzy sets y, and y, where
1. Xs NFp—cly;, =0,
2. X5, NFp—clys =0,

Proof: Suppose X is Fp-connected.

If y, vz, =1,where y, and y, are non-empty fuzzy sets such that

xs, /\Fp_dlﬁz Z()XAndZJZ /\FP_CIZm :6)( .
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Slnce}(&, NAs, = Xs, /\Fp_d)(&z :6)( s Xs, NXs, = OX
Hence z, and ,, are disjoint non-empty fuzzy sets.

Letl{x} SFp_Cllﬁ, =X ™ Xs, = X S/Ky1 [SlnceZa‘, Vs, :IX ]

Fp—cly,, s;(dlAlwayS%I <Fp—cly,
Hence%] = Fp—clldl

Let;(m SEp—clits, = Xy = X5, = Xim < Xs, >

FP—CZZ(;Z Slﬁz = FP_CZZJZ =Xs5, » SiIlCCZJZ <Fp—clys,

75, And 4 are Fp-closed sets.

Hence y, vz, =1, wherey, and y, are disjoint non-empty Fp-closed sets. Hence

X is Fp-connected.

Hence X cannot be written as the union of two nonempty fuzzy sets A and B where

X5, NFp—cly;, :6)( andla‘z AEp—cly,, :6)(

Conversely, X cannot be written as the union of two nonempty sets y, and

\Nhere){‘s1 /\Fp—cll}(’d2 :6X and;{ﬁ2 /\Fp—cljgé1 :()X

Claim: X is Fp-connected. If not, z, vz, =1, where z,

Fp-closed sets.
= 15, = Fp—cly, And g, =Fp—ciy, .

And= y, =1,-y, and y, =1, -4, Hence

= Xs, /\(ix _Iﬁ,)zﬁx sXs, N s, :6)(

and , disjoint non-empty

= g5 AFp—cly; =0, . Similarly y, A(l, - 2,)=0,= 7, Azs =0,.

Hence ;, \ 5, -1, where z, and y, are non-empty fuzzy sets such that

X5, AFp—cly; =0,and y, AFp-ciy, =0,. Hence X is Fp-connected.
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IV. Fp-SEPARATED SETS IN Fp-TOPOLOGICAL SPACE

Definition 4.1 Let (X,7,,7,,7374,Ts) be a fuzzy penta topological space. Two
non-empty fuzzy subsets x, and y, of X are called Fp-separated if
Zs AFp—cly, =0,and y, AFp-cly, =0,

Theorem 4.2: If y; and y; are Fp-separated then ¥, and y; are disjoint.

Proof: y; Ay, <y, nFp—cly, =0,Since ¥s and y, are Fp-separated.

= X5, N5, = 0,. Xs, And g, are disjoint sets.

Result 4.3: Converse is not true.

Example 4.4: Let X = {a, b, c} be a non-empty fuzzy set, consider five topologies

r ={
T. =

s =1

X ,Z{a}}ﬂ'z = {Ixa()x al{a}’l{a,b)}ars = {IX’6X’Z(a}’I{a,c}}’T4 = {IX’ﬁX aZ{a,b}}a
x)

1,,0
1,0
Fp-open sets are {1,,0,, 7,» Ziusr> Zine )

Fp-closed sets are {1,,0 . 7, 21 X}

Lety, = 2.nand ¥ = 2., , Xs, and x, are disjoint sets. Fp—cly, =Fp-cly,, =1,
X, NEP =€l = Xy NEP =l Yy = 21y Ay = 24 [# 0]

Since y;, AFp-cly; #0,,%; and yx, arenot Fp- separated.

Definition4.5: Let( X, 1,,T,, T3 T4, T5) be anFp-topological space. Let y, <1,. ¥ is
called Fp-dense ifrp—ciy, =1, .

Example 4.6: Let X = {a, b, c} be a non-empty fuzzy set, consider five topologies
0 = {10 2 = 0000 s Ziaw o7 = 100 s Ziwar o7 = (1004, 20 75 = {120}
Fp-open sets are {1,,0,, 7. Zjus Zioo

Fp-closed sets are {1,,0,, 7, Zie» Xy}

Lety, = y.,.Fp—cly, =Fp—cly,, -1, - Hence y; is Fp-dense.
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V. Fp-HYPER CONNECTED Fp-TOPOLOGICAL SPACE

Definition 5.1: An Fp-topological space (X, T,,T,, T3 T4, T5) is said to be Fp-hyper
connected if every non-empty Fp-open set is Fp-dense in X.

Example 5.2: Let X = {a, b, c} be a non-empty fuzzy set, consider five topologies

T = {IX’()X >Z{a;}972 = {TX’(N)X >Z{a}>Z{a,b}}sfs = {TX’(N)X >Z{a}>Z{a,c>}>T4 = {Ixaax >Z{a,b}} ,Ts ={1y,0}

Fp-open sets are {1,,0,, Kiaps Xiaoys Xt

Fp-closed sets are {1,,0,, 7, Xis Xy}

Fp-cly,, =IX
Fp _CIZ{a,b} = iX
Fp_CZZ(a,c} :IX

Every non-empty Fp-open set is Fp-dense in X.

Hence X is Fp-hyper connected Fp-topological space.

Theorem 5.3: A Fp-topological space X is Fp-hyper connected if and only if any
two non-empty Fp-open sets intersect.

Proof: Let X be Fp-hyper connected.

Let Xs, and X5, are two non-empty Fp-open sets.
Claim: y, Ay, # 0,

Suppose not then, Hence Xs, S I, - Xs,

Fp—cly, <Fp—cl(l, - 7,

Since X is Fp-hyper connected, Fp—ciy, =1,.
Hencel, < Fp—cl(i, - ;)

Now1, — 7, is Fp-closed= Fp—cl(i, - 7, ) =1, — 7,
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IX < (TX ~X5,) = iX = (IX —zéz)WhiCh lmphes Xs, = 6)(
Since y,, #0, 7, Axs, #0,.
Hence any two non-empty Fp-open sets intersect.

Conversely if any two non-empty Fp-open sets intersect.

Claim: X is Fp-hyper connected.
Let %5 be a non-empty Fp-open set.
Claim: Fp—cly, =1,

Ifnot, Fp—cly, #1,
Then,1-(Fp-cly,; ) %0,

Le'[;((S2 =1-(Fp—cly;)

Xs, =Ep—clys,

Hence z; A 7, =0,

But Xs, and X5, are non-empty Fp-open sets.
Hence Fp—cly, =1,

Hence % 1s Fp-dense in X.

Theorem 5.4: X is Fp-hyper connected if and only if any Fp-closed set not equal to
X has empty Fp-interior.
Proof: X is Fp-hyper connected.

Let x5, beaP-closed set where y, =1,

Claim: Fp—inty, =0,

If not, Let y, = Fp—int y,_ :6)(:}(51 %0,

Now s, is a non-empty Fp-open set because Fp —int z, is Fp-open and X is Fp-

hyper connected. Hence Fp—cly, =1,now x5 is an Fp-closed set containing y,
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= Fp—clys < xs,

=1, < Zs,

Hencel, =y, . Sincel, # z, Hence Fp—int y, =0,

Hence any Fp-closed set not equal to X has empty Fp-interior.
Conversely,

Now every Fp-closed set not equal to X has empty Fp-interior.
Claim: X is Fp-hyper connected.

Let zs be a non-emptyq-open set.
Claim: rp—ciy, =1,

If not, rp—ciy, 1s anFp-closed set not equal to X.
Hencer p-ini(Fp—ciz, )=0,

Now , <(Fp-ciy,)

Fp—inty, <Fp-int(Fp-cly;)

Since g, is Fp-open, Fp—int 3, =z,
Hencer p-int y, <Fp-int(F p—cly, )=0,
Hence 4, <0,

Since % is non-empty.

Hence Fp —cly; = TX

Hence X is Fp-hyper connected.
VI. CONCLUSION

In this paper the idea of fuzzy connectedness and fuzzy separated sets in fuzzy

penta topological space were introduced and studied.

PAGE NO: 9



Journal of Systems Engineering and Electronics (ISSN NO: 1671-1793) Volume 36 ISSUE 3 2026

REFERENCE

[1] Change C.L., Fuzzy topological spaces, J. Math. Anal. Appl. 24,182-
190(1968).

[2] Kandil A., Tantwauy O., El. Sheikh S.A. &HosnyM., Connectedness in

Ideal bitopological ordered space,Gen. Math. Notes, Vol 24, No.2, pp 37-52.
ICSRS Publication(2014).

[3] Kandil A.,Nouh A.A. and El-sheikh S.A., On fuzzy bitopological spaces,
Fuzzy sets and system , vol.74, issue 3,pp:353-363

[4] Kelly J.C., Bitopological spaces, Proc.LondonMath.Soc. 3 (1963).

[5] Khan M. S. and Khan G. A, p-Continuity and p-Homeomorphism in Penta
Topological Spaces, European International Journal of Science and Technology,
Vol. 7 ,No. 5, 1-8(2018).

[6] Kovar M., On 3-Topological version of Thet- Reularity, Internat. J. Matj,

Sci., 23(6), 393-398(2000).

[7] Mukundan D.V., Introduction to quad topological spaces, Int. Journal of
Scientific and Eng. Research, 4(7) 2483-2485(2013).

[8] Palaniammal S.,Study of tri topological spaces, Ph. D. Thesis(2011).

[9] Pervin. W.J., Connectedness in bitopological spaces, Indag Math., 29,
369-372(1967).

[10] Sharma R., Deole Bhagyashri A., Verma S. ,Fuzzy Connectedness in

Fuzzy Tri topological Space, International journal of Applied Engineering
Research .Vol. 13, No. 16,12962-12967(2018)
[11] Sethupathy Raja K.S. and Lakshmivarahan,Connectedness in fuzzy

topological space, Kybernetika, 13(3), (1977).
[12] Swart J., Total disconnectedness in bitopological spaces and product

bitopological spaces, Indag.Math.33, 135-145(1971).

PAGE NO: 10



Journal of Systems Engineering and Electronics (ISSN NO: 1671-1793) Volume 36 ISSUE 3 2026

[13] Tapi U.D., Sharma R. and Deole Bhagyashri A., Tri Connectedness in
Tritopological Space ,Indian Journal of Applied Research vol.6,n0.10 ,,477-489
(2016).

[14] Tapi U.D., Sharma R. and Deole Bhagyashri A., quad Connectedness

in quad topological Space, International Journal of Mathematical sciences

and Eng. Applications, Vol 8, No. 5, 197-203 (2014).

[15] Sharma R. and Sharma S., Penta Pre-Continuity and Penta Semi-continuity in
Penta Topological space, Journal of Xi’an Shiyou University, Natural Science
Edition, Vol. 16 No. 10,2020,12-18.

[16] Zadeh L.A., Fuzzy sets, information and control (1965), 8,338-353.

PAGE NO: 11



	Ranu Sharma and Deepti Mokati

