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Abstract: In the present paper we will extend some fixed-point theorem in soft G-metric

space which is the combination of g metric and soft metric concept.
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Introduction: In 1912 a dutch mathematician Brouwer introduce very first time a fresh
concept of fixed point [3]. After this statement in 1922 S. Banach give this theorem a new
path that make this theorem very popular and we all known this as Banach contraction
principle [4]. In this principle he gave footprint for uniqueness of the fixed point, this is the
reason why it being very popular. Later in 1930 J. Schauder again wrestle with brouwer’s

theorem and take them to new height with infinite dimensional Banach space [5].

Year by year cantor’s set theory explore in many directions but it bound all the mathematician
when some not clear information arrives and to resolve this problem some mathematician
gave us new tools. Every tool is successor for the previous one and cover flaws and give
solution for particular flaw. In this chain of research D. Molodtsov introduce a concept of soft
set in 1999 which give revolution in research area of vagueness or unclear data [6]. It is
taking the centre stage of research by its parameterization power. Soft set is nothing but a
family of parameter which mapped on power set. After molodtsov many researcher doing
experiments with this to utilize this concept in other or better manner and in sequence of
experiments in 2012 and 2013 Sujoy das and S.K.Samanta put a ball on research area and it
burst like bomb they introduce soft metric space[7][8]. They give a concept to the world
which enable everyone to bridging uncertainties and distance. This concept work as a catalyst

in understanding of distance and convergence in vague or unclear environment and

PAGE NO: 184


mailto:ndigodiya@gmail.com
mailto:chouhan.sarla81@gmail.com
mailto:Rkbhardwaj100@gmail.com
Tanoy
Textbox


Journal of Systems Engineering and Electronics (ISSN NO: 1671-1793) Volume 36 ISSUE 2 2026

simultaneously it helps in growing new branch in applied mathematics. After this concept
researcher built fuzzy soft metric, soft s-metric space and many more. T. Beaula and C.

Gunaseeli published a paper in 2014 which held the concept of fuzzy soft metric [9].

In 1992 Bapure Dhage find a new concept and he called as D-metric space, all the details of
D-metric space gave in his ph. D. thesis [10][11][12][13]. B. Dhage’s research has many
flaws which identify by Z. Mustafa and B. Sims in 2005, so they try to resolve these flaws
and they get a new concept of G-metric space or generalized metric space which is
generalization of metric space (X, d)[14]. After this it is became a hot topic to discuss for. In
this we extend a research paper’s result in soft G-metric space of Sarika Jain, Rashmi Tiwari

and Ramakant Bhardwaj [16]

Preliminary:

For a function B: A — A, there is a point $ in domain A is fixed point if it unchanged in

codomain also,

ie.

B(p) = p.

Example: B(p) = 9%, Vo =0,1

Soft set: let U be a universal set and A is the set of parameters then the pair of (B, &) is said

to be soft set over the universal set U when B: A — A(U).

Soft metric space: let 77 is a soft point, 3 be set of parameters and Sg (%) is collection of all
possible soft point then the mapping B: S (3) X S () = R(3)* is called soft metric space

on the soft set #

1. B($.Q,) =0, forall fp.,Q, €%

2. B(P.Q,) =0,if and only if fo., Q,,

3. B(f,, @) = B(@,@),for all o, @ € #, symmetry property
4. B(P. Q) < B($. R,) + B(R,, Q)

G-Metric space: let » be a non-empty set and B:x X % X ¥ - R* be a function which

satisfying these conditions:
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l. B(p,QR)=0,ifp=Q=R,

2. 0<B(p,#, Q) forall ,Q € xand g + Q,

3. B(#,QR)>B(p, 6 Q) forall ,Q R € »,withQ # R

4. B(p,Q,R) =B(QR,p) =B(R, p,Q) = - (symmetry in all the variables)
5. B(,QR) <B(p,k k)+B(k,QR),forall ,Q R,k € x

Then the function is said to be G-metric space or generalized metric on » and the pair of

(3, B) is G-metric space.
Soft G-Metric space: let  be a nonempty set and 3 be set of parameters which is nonempty.

A mapping B: S () x Sgp () x Sgp(#) = R(A)* is called as soft G-metric space if it
satisfying the following properties:

. B(P. Q. R,)=0,if and only if pp. = Q, =R,

2. B(P. Q. Q) > 0,forall o, Q, € Sp(x) with @, + Q,

B(Pe QuRy) 2 B(P:, #:, Q) for all p;, Q, R, € Sp(x) with @, # R,
4. B(P.,QuR,) =B(Q, R, ) = B(R,, £, Q) = -

5. B(#. Q. R,) <B(@.k k) +B(k Q,R,) forall §.,Q,, R,, k € Sp ()

(98]

Main result:
Theorem: let (i, A, 3) be a complete soft G-metric space and
let B: S () X Sgp(3) X Sgp(%) = R(3)* be a mapping satisfies the following condition-

aA(Bp., BQ,, BR,,) + B|A(@:, Bp., Bf.) + A(Q,, BQ,, BQ,) + A(R,, BR,, BR,)]|
A(Bp., BQ, BR,) + A(@., Bp., Bf.) + A(Q,, BQ,, BQ,) + A(R,, BR,, BR,,)
1+ A(Bp., BQ,, BR,){A(p: Bp., Bp.) + A(Q,, BQ,, BQ,) + A(R,, BR,, BR,)}

< vA(@:, Q.. R,)

6]

For all g, @;, [@:, € u, where the constant a, 5, y, § satisfies a, ,y,6 > 0;
O<y<a+p+4 a#0.
Proof: Take an arbitrary and define a sequence k,,,1 = k,, ¥k = 0,1,2,3, ....

Put@ =K, @71 = K1) ]RZ) = Rnt2
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Then

(ZA(B:}CTU BK 41, BKns2)
+ BIA(H, BKn, BX) + A(Kni1, BH i1, BKni1) + A2, Btz BKny2)]

A(B:Knr BfKn+1: B:Kn+2) + A(:Kn’ B:Kn: B:Kn) + A(:K‘n+1' Bg(n+1' Bg(n+1) + A(“K‘n+2 i B“K‘n+2 Y B:Kn-
1+ A(B%n; B:]Cn+1' B:]Cn+2){A(ij Bjcn; Bj(n) + A(:K‘n+1' B:}Cn+1' Bg(n+1) + A(~‘K‘n+2 ’ Bg(n+2 ’ B:Kn
< VACKn: fKn+1 i :Kn+2 )

aA(Hn 11, Honszr Kpss)
+ .8 [A(:Knr :Kn+1: fKn+1) + A(:Kn+1' an+2» :Kn+2) + A(:7(‘n+2: j(n+3' jcn+3)]

A(:}Cn+1' jcn+2J :}Cn+3) + A(:]Cn: :Kn+1» :]Cn+1) + A(:K\n+1':K\1’L+21:K‘n+2) + A(:K‘n+2:jcn+3' :Kn+3)
1+ A(:Kn+1r an+2: jcn+3){A(an: j(n+1: an+1) + A(:K‘n+1' :Kn+2' :K‘n+2) + A(:}Cn+2' Kn+3' :}Cn+3)}
< VA(:Kn; K1, Knsz)

4|

aA(an+1: :Kn+21 an+3) + ﬁA(an' j(n+3' an+3)

A(:K‘n: j(n+1: j(n+2)

S[—
1+ A(HKn11, Knsz Kngz)- A, Knyz, Ky z)

] < )/A(:K‘n' :}Cn+1' Kn+2)

aA(janJ K2 Knss)
< VA(%‘H' an+1' an+2) - ﬁA(Kn' j(n+3' j(n+3)

A(:K‘nr ?Cn+1, Kn+2)

- 6[ o o
1+ A(Kn+1':}€n+2'j(n+3)- A(jcn'jcn+3'jcn+3)

]

aA(an+1f:Kn+2'an+3) < (]’ - ﬁ)A(Kn' Kn+1'%n+2)

. y—p—-96),
A(Kn+1:~7€n+2:g€n+3) < TA(%W :Kn+1'~7(:n+2)

O<y<a+p+é
O<y—-f—-6<a

—B-6
Y B
a

0 <1

Assume that = z then

)
a

A(:}Cn+1' :Kn+2: an+3) < ZACKn' Kn+1' “Kn+2)
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Similarly,

A(:]Cni :R:‘n+1i ~7Cn+2) < ZA(“]Cn—ll :K:nl :K:n+1)

Processing n times

A(Kn+1'~7€n+2f~7€n+3) = ZnﬂA(jcn' Kns1, Kong2)
Now we show that K, is Cauchy sequence. Without loss of generality assume that n > m
Then
A, Koy K1) < A, Kipr, Kir) + A Ky, Ko, Ko
A, Koy Koma1) < A(Hon, K1, K1) + AKni1, Kz Kngz) + AKni2) Koy Komg1)

A(~7Crl' ijJ jcm+1)
< A(:}Cnr :Kn+1: 7Cn+1) + A(:K\n+1' :Kn+3rjcn+3) + -t A(:K\m—lr :Km: :Km+1)

A(‘r]CTl' ijJ :Km+1) < LnA(?CO; -761; 7(2) + Ln_lA(gCO' :]Cll jCZ) + et LmA(:]COJ :]C]J :]CZ)

A, Ky Kopr) < LM+ L+ L24.  +LV™A(K, Ky, Ky)

n

A(:]Cn' ?le ij+1) < A(jcorjclrj(Z)

—1-—Lnm
Hence, limit m,n — oo

lim A (%, Ko Kmpr) =0

m,n—oo
i.e. {K,} is Cauchy sequence.

Since (%,A,EI) is complete, so there exists w € X such that X,, - w, which implies,

lim A (%, %, w) = 0
n—-oo

Next, we will show that w is fixed point of B. we take §, = K,, and

—_—

QH=R§Z,=Wthen

aA(BX,, Bw,Bw) + B[A(X,, BXK, , BK, ) + A(w, Bw, Bw) + A(w, Bw, Bw)]

A(Bx,,Bw,Bw) + A(K, ,BX,,BX,) + A(w, Bw, Bw) + A(w, Bw, Bw)
1+ A(BX,,, Bw, Bw){A(K,,, BK, , BK,) + A(w, Bw, Bw) + A(w, Bw, Bw)}

< vA(p.,w,w)
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alA(K,..1, Bw, Bw) + b[A(?Cn, K1, Knsr) + A(w, Bw, Bw) + A(w, Bw, Bw)]

A(XK, 41, Bw, BW) + A(K,, K1, Kns ) + A(w, Bw, Bw) + A(w, Bw, Bw)
1+ A y41, Bw, BW{A(K,, K1, Konta) + Alw, Bw, Bw) + A(w, Bw, Bw)}

< cA(K,, w,w)

al(xn41, BW, Bw) + b[A(xy, xp11, Xn11) + 2A(w, Bw, Bw)]

A(xn+1; Bw, Bw) + A(xn: Xnt1) Xns1) ZA(W; Bw, Bw)

d o o o
[1 + A(xp 41, Bw, BW){A(xp, Xps1, Xne1) + 2A(w, Bw, Bw)}

< cA(x,, w,w)

al(x,4+1, Bw, BW) + b[A(xn,an,an) + 2A(w, Bw, Bw)]

28 (x,, X1, Xn41) + 2A(w, Bw, Bw)
14+ A(xp41, Bw, BW){A(xp, Xpi1, Xns1) + 2A(w, Bw, Bw)}

d[ ]
< cA(x,, w,w)

Asn — oo we have

ZA(W, Bw, Bw)

alA(w, Bw, Bw) + B[2A(w, Bw, Bw)] + 8] - =
1+ A(w, Bw, Bw).2A(w, Bw, Bw)

1<0

(a + 2B)A(w, Bw,Bw) < 0
Which is contradiction, so Bw = w
i.e. wis fixed point of B.
uniqueness:
let f & g are two more fixed point of B these are distinct from w
then we take o, =w,y =f,z=g

aA(Bw, Bf,Bg) + B[A(w, Bw, Bw) + A(f, Bf, Bf) + A(g, Bg, Bg)|
A(Bw, Bf,Bg) + A(w, Bw, Bw) + A(f, Bf, Bf) + A(g, Bg, Bg)

1+ A(Bw, Bf, Bg){A(w, Bw, Bw) + A(f, Bf, Bf) + A(g9,Bg, Bg)}
< yAw,f,9)

Aw.f,9) < ZAW,£,9)
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Which is contradiction so,

w=f=g,

hence w is unique fixed point of B.

So complete the proof of the theorem.

Theorem: Let (3, A, 3) be a complete soft G-metric space, and let

B: Sgp() X Sgp() X S¢p(%) = R(I)* be a mapping satisfies the following condition

min{A(Bg., BQ,, BR,), A(@., Bf., BH.), A(Q,, BQ,, BQ,), A(R,, BR,, BR,)} <
aA(p., QuR,)....(2.1.1)

forall ., Q,, R, € »,where 0 < a < 1.
Proof: take an arbitrary and define a sequence K,,,; = K,,,n =0,1,2, ...
Substituting 0, = K, Q, = Kpy1, Ry = Hnpq

min{A(BfKnr BfKn+1r Bj(n+1): A(:K‘n: Bj(n+1: Bj(n+1)' A(:K‘n+1' ‘B“K‘n+1' ‘B:K‘n+1)' A(:K‘n+1' B:}Cn+1' B:}Cn+1):
< C(A(.?Cn, *7Cn+1' jcn+1)

min A(‘IK‘TL+11 an+2' :}Cn+2)t A(K' an+1' :}Cn+1)t A(Kn+1' jcn+2' Kn+2)' A(j(‘n+1' xn+2' :}Cn+2)
< aA(Hp, K1, Kons1)

min{ACKn+1r :Kn+2' :Kn+2): A(Kn: an+1' :Kn+1)} = aA(an' Kn+1' jcn+1)
if we take
min{ACKn+1r :Kn+2' :Kn+2): A(Kn: an+1' :Kn+1)} = A(SICn+1' an+2' Kn+2) e -(2- 1 -2)
then from above equation
A(:}Cn+1:jcn+2':}cn+2) =< aA(:Kn':Kn+1':Kn+1)

And if we take

min{A(:}Cn+1' Knvz Kn+2), A(:Kn' Knr1 Knr1)} = A(:K‘n' K1 Knr1)
then

A(:}Cnf:}cn+1f:}cn+1) < aA(an':}Cn+1v7(n+1)
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Which is contradiction, so that

A(:Kn+1: K2 Kny2) < aA(an Kn+1, Knr1)
Similarly, we can show that

A(:Kn;j(n+1»:]cn+1) =< aA(:Kn—l'jcn' Kn)
Next, we show that {¥,,} is Cauchy sequence. Without loss of generality assume that n > m,
Then
R3¢, Hom, Hom) < A(Kp, Koy, Kon—1) + A(Fn_1, Ko, Ko
< Ao, Kooy, Kono )+ AR 1, Kom, Kom)
< LPA(KC, Ky, 7o) + LM TA(ICy, Foy, Fo)+. . AL AT, Ky, KC)

S LM+ L+ L2+ 4L A(K, Ky, Ky

n

L o
S 7= aom 8o, K1, 1)

Hence, limitm,n — oo

lim A(K,, K, K,,) =0

m,n—c0

i.e.{X,} is Cauchy sequence.

Since (x, A, 3) is complete soft G- metric space which gives

w € x such that {¥X,} - w,asn - o

Next, we will show that w is fixed point of B. for this we take

=%, and Q, =R, =w,

min{A(BXK,,, Bw, Bw), A(X,,, BK,,, BX,,), A(w, Bw, Bw), A(w, Bw, Bw)} < aA(K,, w,w)
min{A(BX,,, Bw, Bw), A(K,,, Bx,,, Bx,,), A(w, Bw, Bw)} < aA(K,,, w, w)

Asn — oo we have

min{f\(Bw, Bw, Bw), A(W, Bw, Bw), A(W, Bw,Bw)} < CIA(W, w,w)

which is contradiction, so Bw = w i.e. w is fixed point of B.
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uniqueness:
let f'and g are two more fixed points of B, different from w, i.e.w # f # g.
we take 9, =w, Q, = f,R, = g now put this in 2.1.1
min{A(Bw, Bw, Bw), A(w, Bw, Bw), A(f, Bf, Bf),A(g,Bg, Bg)} < aA(w, f, 9)
Aw,f,g) < ah(w,f,9)
Which is contradiction, sow = f = g, i.e. w is unique fixed point of B.
Hence proved of the theorem.

Theorem: let (3,A,3) be a complete soft G-metric space, and let B: Sgp(3r) x Sg(x) X
Sgp(#) - R(3)* be a mapping satisfies the following condition
min{A(Bp., BQ,, BR,), A(@., Bp., Bp.),A(Q,, BQ,, BQ,), A(R,, BR,, BR,)}
min{A(@., Bp., Bp.),A(Q,, BQ,, BQ,), A(R,, BR,, BR, )}
< aA(p. Q. R,)

For all g, @;L,@;, € x,where0 < a < 1.
Proof: take an arbitrary and define a sequence K,,,; = K,,, n=0,1,2.....
Substituting 0, = K, Qu = Hy41, Ry = Hyyq, then we have

min{A(B:}Cnr B:Kn+1r B:Kn+1)' A(:K‘n' B:Kn' B:Kn)f A(j(‘n+1' Bjcn+1' Bjcn+1)' A(‘7(‘n+1' B:Kn+1' an+1)}
min{A(%,, BK,, BK,), A(K 41, BKni1, BKni1), A(H i1, BK 1, BKni1)}

S aA(an, an+1y f]'C‘l"L+1)

min{A(BiKn, B:]Cn+1' B:Kn+1); A(:](:nf B:Knr Bg(n)r AZ (gcn+lr Bgcn+1r B:Kn+1)}
mln{A(Knr B:}Cn' B:}Cn)ﬁ A(:}Cn+1' B:}Cn+1' B“K‘n+1)' A(~7Cn+1' B:]Cn+1r an+1)}

< aA(?Cn, K1, Knt1)

mi n{A(:}Cn+1' :Kn+2: an+2): A(:Kn' :Kn+1' *‘Kn+1)' AZ (“Kn+1' Kn+2' Kn+2)}
min{A(gCn' Kn+1» gcn+1)’ A(:Kn+1» gcn+2' :Kn+2)' A(:Kn+1' :Kn+2' gcn+2)}

S (XA(:Kn, :}Cn+1) “}Cn+1)
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mi U{A(:K‘nﬂ' K2, Knt2), A(?Cn, Kn+1, Knt1), A? (Kn+1, Ktz Kns2)}
min{A(:Kn+1» :Kn+2' j(n+2): A(Kn: j(n+1' Kn+1)}

S (XA(:]CT“ :}Cn+1; ~7Cn+1)

Casel: if we take

mi n{A(?CnH, Kns20 Kn2)s A(j(n’ K1, K1), A2 (Kns1, K2 Kni2)}
min{A(:]Cn+1i ~7Cn+2' :R:‘n+2)' A(jcn' jcn+11 :K:n+1)}
— A(:K:‘n+1' :R:‘n+2' ~7Cn+2)' A(“]Cn' jcn+11 :K:n+1)
A(jcn' an+1' :K‘n+1)

A(:Kn+1' K2 Knt2), A(?Cn; K1, K1)
A(jcn' an+1' an+1)

< a[c\(il(n, Kn+1, Kn+1)

A(K i1, Koz Kong2) < aB (3, Hpir, Ky
Case2: if we take

mi n{A(anHl :Kn+2: ~7Cn+2): A(:Knr :Kn+11 jcn+1)' AZ (jcn+1' ?Cn+2, an+2)}
min{A(:Kn+1' an+2' :Kn+2)' A(Kn' Kn+1' an+1)}
— A(:K‘n+1' :Kn+2' Kn+2)' A(Kn' Kn+1' an+1)
A(:Kn+1' gcn+2: :Kn+2)

A(-{'K‘n+1' Koo :Kn+2); A(:](:n; Kns1r :Kn+1)

— S aA(:;C ,.7( 1176 1)
A1, Konszr Knsz) T

A(:Kn' :Kn+1' :Kn+1) < aA(an' an+1' Kn+1)
Which is contradiction, so that

Case3:

mi n{A(:}Cn+1' :Kn+2: an+2): A(:Kn' :Kn+1' *‘Kn+1)' AZ (“Kn+1' Kn+2' Kn+2)}
min{A(:]Cn+1) gcn+21 :;Cn+2)i A(gcn' gcn-'-ll x‘n+1)}
— AZ (:Kn+1' gcn+2: gcn+2)
A(:}Cn' “}Cn+1' :}Cn+1)
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AZ (:Kn+1» :Kn+2» :Kn+2)

= <ah(K., K, .., K
A(:]Cn’ :]Cn'{'lr :]Cn‘l‘l) ( n n+1 n+1)

A(K i1, Kz Konaz) < DAKy, Kps1, Kns1),  whereb =Va

Cased:

mi n{A(:Kn+1' an+2» :Kn+2)» A(:Kn’ an+1' an+1): AZ (:K‘n+1: j(n+2' \(Kn+2)}
min{A(:]C‘n+1i ~7Cn+2' :]C‘n+2)' A(jcn' jcn+11 :K:n+1)}
— AZ (Kn+1' ~7Cn+2i ~7Cn+2)
A(:Kn+1» :Kn+2' :Kn+2)

A2 (FCoi1, Koz Hona2)
A(jcn+1:~7(n+2fjcn+2)

= aZ\(:Kn, K1, Kns1)

A1, Koz Konaz) < @AKoy, K1, Kpsn)
From casel,2,3 and 4, we have

A1, Honszs Konaz) < @AKoy, K1, Kpsn)
By induction we have

A(H i1, Koz Kongz) < a™ A3, Ky, 3)
Similarly, we can show that

A(j(n: Kn+1 Knt1) < aA(:Kn—l'gCn' Kn+2)
Next, we show that {K,} is Cauchy sequence. Without loss of generalitt assume the n > m.
Then

R(3¢,, o, Kom) < A(3n, Kop_1, Kon—1) + A(Fon_1, Ko, Ko
< A(Kn, Kp_t, Ko )+ FA(Hop_ 1, Koy Ko
< LTMA(K, Ky, 3 + LT TA(HKy, Koy, Ho) A+ . LT TA(HC, Ky, K)

< LA+ L+ L2 L ™AK,, Ky, K)

n

L o
< WA(KO,KL?Q)

Hence, limit m,n - o
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lim A(%,, K, K,,) =0

m,n—oco

i.e. {K,} is cauchy sequence.

Since (x,4,3) is complete soft G-metric space which gives w € » such that {¥,} —

wasn — oo,
Next, we will show that w is fixed point of R. for this we take
P:=K, andQ, =R, =w
min{A(BXK,,, Bw, Bw), A(X,,, BK,,, BXK,,), A(w, Bw, Bw), A(w, Bw, Bw)} < aA(K,, w,w)
min{A(B?Cn, Bw, Bw), A(?Cn, Bxy, Bxy), A(W, Bw,Bw)} < aA(?Cn, w,w)
Asn — oo we have
min{A(Bw, Bw, Bw), A(W, Bw, Bw), A(W, Bw,Bw)} < CZA(W, w,w)
which is contradiction, so Bw = w i.e. w is fixed point of B.
uniqueness:
let f & g are two another fixed points of B, different from w,i.e. w # f # g.
we take 9, =w, Q, = f,R, = g now put this in 2.1.1
min{f\('Bw, Bw, Bw), A(w, Bw, 'BW),/OX(f, Bf, ‘Bf),A(g,Bg,Bg)} < alA(w, f,.9)
Aw,f,9) < abw,f,9)
Which is contradiction, sow = f = g, i.e. w is unique fixed point of B.

Hence proved of the theorem.
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