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Abstract
The mathematical model is considered here to investigate the effects of pathogen
on the orange trees in the presence of Herbivores. It is assumed in the model
that the orange trees are directly infected by pathogen, and adversely affected by
herbivores. The local and global stability analysis of all the equilibrium points of
the mathematical model are discussed. Through the analysis it has been derived
that the density of orange trees reduces in the presence of pathogen.
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1 Introduction

The rising number of invasive and aggressive pathogenic fungus is one of the biggest
risks to sustainable agricultural production and food security. They significantly
reduce crop output and quality [1, 2]. Citrus species are known to be infected by a
number of Phyllosticta species, which cause a variety of disease signs, including leaf
and fruit spots. P. citricarpa, which causes citrus black spot, a foliar and fruit disease,

PAGE NO: 567


user
Textbox

user
Textbox


Journal of Systems Engineering and Electronics (ISSN NO: 1671-1793) Volume 34 ISSUE 12 2024

is one of the most significant species [3]. The most damaging Fungal citrus disease
is the citrus black spot caused by the fungus Phylosticta citricarpa which causes the
loss of yield in different countries of the world like Brazil, Australia etc.

The disease is worldwide distributed affecting all varieties of citrus within tropical and
sub-tropical citrus production regions, particularly in warm and humid climates. The
fungus forms latent infection in citrus tissues thereby causing disease and reducing
the yield [4-6]. Also another pathogen namely C. canker, one of the most devastating
biotic stressors to citrus, has a significant economic impact on the sector, limiting
trade and output. It affects all commercial citrus types as well as a wide range of
associated rutaceous species. In Northeast and Northwest Argentina, Xanthomonas
infection is considered an endemic disease, affecting up to 10% of commercial citrus
orchards [7, 8]. The presence of numerous diseases and pests in fruit, as well as
harvesting fruit at varying stages of maturity, are negative variables that limit fruit
marketability, reduce economic value and increase fruit waste [9]. The combined
impacts of herbivores and pathogenic fungus on tree growth are mediated by differ-
ences in tree species and other plant characteristics [10, 11]. The composition and
operation of plant communities are primarily influenced by herbivores and fungal dis-
eases. The diversity and functional traits of their host plants operate as a conduit for
the effects of herbivores and diseases. However, the combined effects of herbivory and
plant pathogen damages and their implications is yet to be addressed mathematically
[12]. The disease can be controlled by the virtue of fungicide decreasing outbreaks,
however, doing so, increases cost of output and may also damage ecosystem [14]. The
scientists [15] have developed a mathematical model for biological management and
tactics. They took into account three populations of orange trees, as well as disease
and beneficial fungi, and observed transcritical bifurcation in the model’s ultimate
behavior. Both farmers and applied ecologists have been notified of these findings.

In view of the research article [15] we have investigated the interaction dynamics
between orange trees and herbivores in the presence of pathogenic fungus induced
infectious disease. The goal of this work is to investigate and assess the effects of disease
on plant-herbivore dynamics using a mathematical model. We discuss the behavior
of a mathematical model consists of orange trees, Infected orange trees, Herbivores
and Pathogenic fungus. The theoretical results are supported by numerical results,
suggesting potential management tactics [15].

2 Model

In the proposed model, the interaction among the Orange tree, Infected orange tree,
Herbivore and the Pathogenic fungus is being studied and analyzed.

In view of the above assumptions, let 77 denotes the density of Orange tree, T5 denotes
the density of Infected orange trees, H denotes the Herbivore density, P denotes
the density of Pathogenic fungus. The following set of equations demonstrate the
mathematical model as:

dT;
7; =A—-diTy —a T\ P — a1 H — 61T12 (1)
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dT:

7; = a1T1P — d2T2 — €1T2H — /82T22 (2)
dH )

E = ]411&2T1H — d3H — ]fgengH — 53H (3)
aprP Hmaz S

— = P+ k3dsTy — c1 P + kqdsH 4
ar (ks+5)+322 c1 P + kqds (4)

and the initial conditions are T7(0) > 0, T5(0) > 0, H(0) > 0 and P(0) > 0.

Monod equation: Jacques Monod created the monod equation in the 1940, and the
equation is m = £242% where p is the specific growth rate(1/time), p is the culture’s
maximal specific growth rate (1/time), s is the substrate concentration (mass/volume)
required for the growth of Pathogenic fungus and k; is the half-saturation constant,

or affinity constant (mass/volume). Here, s is considered to be constant [15].

3 Table

Table 1: Parameters with their biological understandings / meanings.

Parameters | Biological meanings

A constant Reproduction rate of orange trees

dy Natural death rate of T3

a1 Infection rate

as The maximum value at which per capita reduction rate of orange
trees can attain due to H because of grazing

da Death rate of Ty

e1 The maximum value at which per capita reduction rate of Ty can
occur due to H because of grazing.

kq Conversion rate

ds Natural death rate of H

ko Death rate due to disease on account of eating of infected trees.

ks Decomposition rate

c1 Natural death rate

ky Decomposition coefficient

51 Crowding effect of T}

Ba Crowding effect of T5

B3 Crowding effect of H

m = Bper = Monod type of growth rate function

4 Boundedness of the model

Lemma 1 All the solutions of the model (1) - (4) will lie in the region

where 0, = min {(dlkhdg(kg — ks), d3(1 — ky), %)} iy > k3,1 > iy,
Cl(ks + 5) > WmazxS-
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Proof: Now we consider a time dependent function:
W (t) = k1 Ti(t) + koTo(t) + H(t) + P(t)
by using (1)-(4), we get

AW (%)
dt

ks - Mmax
< ks — diki Ty — do(ks — k)T — dg(1 — ka) H — (Cl( ZS)JF - S) P

dW (t)
T < Ak —0(W)

where 81 = min {(dlkl),dg(kQ — k3),ds(1 — ky), (M)} ko > ks, 1> kb,

ks+s
ko << ki, Cl(ks + 5) > fmazxS-
Now, on applying the theorem on differential inequalities, we obtain
0<W(t) <W(0)e %+ 25 as ¢ — oo then we get

i

0=sW(t) =~

Hence, all the solutions of the model are bounded in €.

5 Equilibria of the model

In this section, we discuss the existence of all possible equilibrium points of the model
(1)-(4). The model has at most two equilibrium points, namely FE; (T3, 73,0, P) and
E, (fl, Ty, H, 16), which are discussed as follows:

Existence of E;: The first equilibrium point E; (71, Tz, 0, P) which is also known as
boundary equilibrium point.

From (4), we get,

k3doTs

P= )
p—— ()
P > 0if ¢; > m, and put the value of (5) in (2), we get
- 1 kadoTy kadoTy
Ty = — M—dg 7M>d2’ c1>m (6)
/82 ciT—m ciT—m
and put the value of (6) in (1), we get
212 12 2
a1k3d2 > —2 ( a1k3d201 aldgm ) —_—
A2 g VT + (dy - + Ti—A=0
(g o) T (0 g+ g ) T
meryJm e an (2 4 )
T = (7)

2[R 5]

B2(c1—m
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? _ k%d%alﬂ . kgd% _ kgd% (k3a1T1 _ 1)
Ba(c1 —m)?  Ba(cr —m)  Pa(ct —m) \c1 —
if B
ksaT; — —
Fad11 > 1, ksa Ty > (Cl — m), ksaTh +m > ¢
CtT —mMm
where,
= dl _ alkgdgcl (le%mkg

Ba(cr —m)?  Ba(cr —m)’

Existence of F>: Now we will show the existence of the point E», by the formation
of two isoclines Fy (T3, Tz) and Fy(Ty,T») as follows:
From (3)
Ijl = ﬂg [k‘lCLQTl dg + kzelf’g], (klagfl + kzelfg) > d3 (8)
from (1), (2) and (8), we get
- - ~ 9 - -9 ~ 2 -
Fi(T1,T3) = B3\ — BsdiTh — 18Ty — d253T22— BofBsTs — azk Ty + axdsTh
— agkgel’fl’fg — agklelflfg + €1d3’f2 — k‘g@%fg
Also from (4)
. kgdoTy 4 kadsH
P:322+43,81>m (9)
cCi1—m
Now putting the value of (8), (9) in (2), we get ~ -
Fy(Th,T3) = BzardaksTi T + (a1dsksTr)(kraTh . ds + e1koTy) — fB3doTa(c1 —m)
—e1Ta(er —m)(kraoTy — ds + k‘261T2) B2f3Ty (c1 —m).
Now in order to show that T1 and T, exist, the two isoclines Fl(Tl,TQ) = 0 and
Fy(T, T2) = 0 must intersect, now we note that F»(0,0) = 0.
e FQ(Tl,TQ) passes through the origin and now we will show that FQ(Tl,Tg)
monotonically increasing as follows, now

dTy _ Badap +e19x + 26233T2¢ — Baarksda Ty — arkadskaer Ty
dTQ 63a1k3d2T2 + 2a1a2d3k4k1T1 + a1d361k2k4T2 — a1d§k4

where, x = kiasTh + 2koerTo — d3, ¢ = c1 —

S dT1
dTs

> 0 if the following condition are satlsﬁed i.e.,

L. Bada(c1 —m) + e1(er — )(k1a2T1) + e1(er — m)(2kaer To) + 2B2B3To(c1 — m) >
e1(cr —m)(—ds) + 63a1k3d2T1 + a1k4d3k261T2
2. ﬂgalkngTg + 2a1a2d3k4k1T1 + 0,1d361]€2]€4T2 > a1d3k4

Hence Fg(Tl, Tg) is monotonically increasing and passing through origin, again for the
Isocline Fl(Tl,TQ) we have Fj (0, TQ) =0

= —(dafs —erds) + /(doBs — e1d3)? + 4B2 B2\ + 4PBskaeI A
Ty = 5
2(B2Ps + kae7)

= ¢1(Say)
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and Fy(T1,0) =0

~ —(B3dy — axds) + \/(Bsdy — azds)? + AB1 B3N + 4Bsadki A
= 2B+ a2kn) = ¥a(Sa)

dTy [ dofs +2B2Ps + askaer Ty + exkiagTh + 2kae3Th — erds <0
dTy Bady + 281 83Ty + 203k Ty + agkze1Ts + erkiaxTy — azds .
Hence F (fl,fg) and Fy (Tl,ljg) will intersect in the positive plane having the cor-
dinates for the isocline F(7Ty,T5) as (0,72) and (771,0). Therefore the intersect
equilibrium point is shown below by the intersection of Fy (T3, T) and Fy(T1,T5).

F2( T1,T2)

F1( T1,T2)

(12, 0)

T1 >

A

Figure 1: Isocline graph for equilibrium point Fo

6 Local stability of Model

6.1 Local stability for E;. The variational matrix about FE; is:

—(d1 + CLL?GQH) 0 o GQTL —a@
J _ (llp —(d2 + 262T2) - —61T2 L a1T1
! 0 0 (klang — dg -+ kgeng) 0
0 ksds kads m—cC

The characteristic equation of the above matrix is:

(N3 AN+ Aod 4 A3) (=X — (d3 — k1axTh — koe1T3)) =0
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one of the eigenvalues of the characteristic equation is \y = —(ds — k1 asT) — kgesz),
and the other three eigenvalues are given by the following equation:

N AN AN+ A3=0 (10)
where,

Ay = (c1 +do+2B:To +dy + a1 P+ asH — m),

Ay = (2821 Ty + c1dy + c1a1 P + craoH + dids + a1do P + asdo H + 2B2d1 T
+2B2a1 PT + 2B2a2HT5 — ksdaar Ty + c1da — asmH — aymP — dym
—2BomT — dam),

As = (crdids + arc1doP + aserdoH + 2B2¢1d1 T + 2B2¢1a1 PTo + 22100 HT
—didom — a1domP — asdomH — 2BadimTs — 2Bamai To P
—2BomasToH — kadsaydi Ty — ksdaarasTiH).

According to Routh Hurwitz Criteria, E is locally stable if Ay > 0; Ay > 0; A3 > 0 and
Ay Ay > Ag hold. From these expressions it is difficult to interpret the results in the eco-
logical terms, although all these conditions are numerically established by considering
a set of different parametric values.

6.2 Local stability for FEs:

Theorem 1: In the region (Q, if the following conditions hold:

do + 61F > 2[32?2 (11)
ds +2B83H > kyei1 Ty + k1aoTy (12)
c>m (13)

T
Jy > —=— (14)

ki H

koH J.

Jp o< 22222 (15)

2

where,

Y(dy 4+ e1 H — 23,T5)

e i (16)
1
< (3kads)*(3a1T1)* (17)
Y(ds + 26sH — kae1 Ty — agk1T1)(c1 —m)?
(3a1T1)?
p (3a1T1)* 18
3 > v(cy —m) "

where, v = (dy + a1 P + asH), then Ey(Ty, Ty, H, P) will be locally asymptotically
stable.
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Proof: We first linearize the model about the equilibrium FEs by using the following

transformation:
=T +m
Th=Ts+no
H=H + ns
P=P + ngy

where, ni,ns,ns,ns are small perturbation around FEs. Then we get the following
linearized the model,

% = —(di + a1P + agH + 261 T1)n1 — agTing — a1Ting

% = a1Pny — (dy + exH — Bang — 20512 )ng — e Tong + a1 Tinyg
% = kragHny + kaer Hng + (kaerTa + kraTy — ds — 283H)ng
% = ksdong + kydznz + (m — c1)ny

Now consider the following positive definite function:

2 2 2 2
n Jin Jon J3n
% 1 2 3 4

2 2 2 2

av . dnq dno dns dny
o T Mgy e s Tgm - Janay
av

E = —[(dl + alﬁ—i— CLQF)TL% + (Jldg + Jlelﬁ — 252J1T2)n§

+<J2d3 + 2J253ﬁ - J2k261T2 — Jgk:lang)n% + (JSCI - ng)ni
7(J1£L1F)n1712 — (klagjgﬁ — agﬁ)nlng + (alﬁ)nlml
—(Jokeer H — Jie1To)nong — (Jsksds + Jiai1Th)nong — (Jskads)nany

Now using the sylvester’s criterion in the quadratic forms:

dv n? n3 n3 n3
2 < it S 2 21 3
7 [(bll 5 bianing + bas 5 + | b11 5 bizning + bss 5

n2 n2 n3 n3
+ (171121 — bianing + b4424> + (52222 — baznagng + b3323)

n? n2 n? n2
+ (bz221 — baanony + b4424) + <b3321 — baanzng + b2224>]
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Where,
d P+ aH Jids + JierH — 29 01T — —
by = (dy +a13 + ay )’b22 _ (Nida + 1613 B2y 2),1)23 — (Jakser H—JrerT3),
d 2 H — Jokset Ty — JokrasTy — —
b3z = (Jads + 2J2fa Jokaerds = Joknas 1),1944 = M,bu = (J1a1P),

3 3
bis = (k1agJoH — asTh),big = (a1Th), bag = (Jsksda + Jia1T1), bsa = (J3kads).

Sufficient conditions for ‘Z—‘{ to be negative definite are that the following inequalities
hold:

bay > 0 (19)
bsz > 0 (20)
byg > 0 (21)
biz > 0 (22)
baz > 0 (23)
biibia > b3, (24)
bazbas > b3, (25)
biiby > b2, (26)

We note that the inequalities, (11) = (19), (12) = (20), (13) = (21),(14) =
(22),(15) = (23),(16) = (24),(17) = (25) and (18) = (26). Hence V11 of
FE5 in Q. Proved theorem.

Remark 1.
(a) The natural death rate c1 of Pathogenic fungus is greater than the monod value,
(b) The addition of natural death rate do of Infected Orange Trees, to the product of per
capita reproduction rate e; of Infected Orange Trees and the population of Herbivore
(H) is greater than the twice product of Infected Orange Trees population and it’s
crowding effect Bo, then only Eo will exist in the presence of pathogenic fungus.

7 Global Stability of the equilibrium point FE5 for
the Model

Theorem 2: In the region 2, if the following conditions hold:

ko Ty _ (di+aP+aH)(dy+eiH)

_ 27
kT (a1 P)? @7)
T.
% < (dl +a, P+ (IQH)(Cl — m) (28)
arko
27, 1.2
adskabiT g 0y —m) (29)
doksTh
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where,

ko T

Ry = 2! (30)
k1Ts
T

Ry = — 31

2= (31)

arksT ?
dok1ksTy

then Es will be globally asymptotically stable in the region €.

Proof: Let us consider a positive definite function V; for Eo(Ty,Ts, H, P) as:
72 7 \2 T H 5\2
‘/i:(Tl—Tl) +R1(T2—T2) + Ry (H—H—Hlog <I:I)>+R3(P—P)

Differentiating Vi w.r.t. t, we obtain

avi - dTy _dTy H-H)\dH - dP
i (T _TI)W + Ry (T —Tz)ﬁ + Ry (H ) — + R3(P — P)—

from (1)-(4)

% = —dy(Ty —Th)? —a, P(Ty —T1)? — ay Ty (Ty — Th)(P — P) — ax H(Ty — T1)?
—axTy(Ty — T)(H — H) — p1(Ty — T1)*(Ty + T1) + Riar P(Ty — Th)(To — T»)
+R1a\Ty (P — P)(Ty — Ty) — Ridy(Ty — T3)? — Rie  H(Ty — T)?
—RieyTo(Ty — To)(H — H) — Ry Bo(Ty — T2)*(To + T)
+Rokyag(Ty — T1)(H — H) + Rokoey (To — To)(H — H) — RyfBs(H — H)?
+R3m(P — P)? 4 Rsksdy(Ty — Ty)(P — P) — ¢1R3(P — P)?
+Rgkads(H — H)(P — P)

Now % can be written in the quadratic forms:

dvi

- = (dy + a1 P + agH)(Ty — T1)? — (daRy + Rie H)(Ty — T5)?

7R253(H — F)Q — (Cle — Rgm)(P — F)2 — (11T1(T1 — Tl)(P — ?)
+R1G1P(Tl — Tl)(TQ — Tg) + R3k’4d3(H — H)(P — F)

where,

bll - (dl + a1P —+ CLQH), b22 = (d2R1 —+ R161H)
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b3z = Raf3 by = (c1R3 — R3m)
b1z = (Ri1a1 P) bia = (a1 T1)
ko Ty
b3y = (Rskad Ry = —
34 = (R3kads) 1 Ty
. -
ky dokyks3Th
By the Sylvester’s rule, we obtain that % will be negative function with the
inequalities:
bi1 >0 (33)
boo > 0 (34)
bss > 0 (35)
bigs > 0 (36)
biiba > b, (37)
b11bgg > b%4 (38)
bssbia > b3, (39)

We note that the inequalities, (25) = (35),(26) = (36) and (27) = (37).
Hence V; is Liapunov function for E5 in 2, proving the theorem.

8 Numerical Simulation

For numerical results, we have used MATLAB software. The numerical simulations
support the analytical findings. The figures carry the locally asymptotically stability
of all the equilibriums of the given Mathematical Model.

(a) Graph for equilibrium point F; is obtained considering following para-
metric values:
A=0.9;d; =0.29;dy = 0.3;d3 = 2.2;a; = 0.9;a2, = 0.9;e; = 0.8; k1 = 0.5;
ko = 0.9;¢1 = 0.4; k3 = 0.9; 81 = 0.05; 52 = 0.5; 83 = 0.05; k4 = 0.90; m = 0.008;
(b) Graph for equilibrium point E» is obtained considering following para-
metric values:
A=0.8;d; =0.06;¢c; =0.8;k4 =0.5;a1 =0.3;a2 = 0.3;e; = 0.3; k1 = 1.5;
ko = 0.7: k3 = 0.5: 81 = 0.0005; B2 = 0.005: B3 = 0.005; m = 0.0005; dy = 0.01;
ds = 0.65;
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Figure 3: Graph for Fs in the presence of Orange trees, Infected Orange trees,
Herbivore and Pathogen.

(c) Table for equilibrium point E;

E, (T1,T5,0, P) Equilibrium point.
Points T TS H P
Case 1 | 1.0997 | 0.7636 | 0 | 0.5260
Case 2 | 2.2391 0 0 0

Table 2: Numerical equilibrium values for different cases of F;. In Case 1, only H
is absent. In Case 2, Ty, H, P are absent.

(d) Table for equilibrium point Fs

Es (Th,T>, H, P) Equilibrium point.
Points T Ts H P
Case 1 | 1.7804 | 0.6979 | 0.9175 | 0.3775
Case 2 | 1.4626 0 1.6209 0
Case 3 | 12.1021 0 0 0

Table 3: Numerical equilibrium values for different cases of Es. In Case 1, all the
variables are present. In Case 2, only Tb and P are absent. In Case 3, only T} is
present.

9 Numerical Simulation

One of the major threats to secure food supplies and sustainable agricultural out-
put is the increase of aggressive pathogens [1, 2, 3]. In this paper, we have studied a
mathematical model to investigate the biological manage of orange trees in the pres-
ence of pathogens and Herbivores. The model has at most two equilibrium points,
E\(Ty,T5,0,P) and Ey(T1,T», H, P). It has been observed from the stability of E;
that Orange trees will survive, even in the presence of pathogens when herbivores are
not present in the system.

It has been observed from the stability of FEo that the Orange trees will survive,
even in the presence of herbivores and pathogens.

From the Remarks 1 and 2, and stability conditions of F; and FEs it has been
observed that the role of Monod function is more appropriate in the study of orange
trees dynamics [see parameter values|. The interior equilibrium point E5 of mathemat-
ical model is locally and also globally stable showing the co-existence. However, from
the equilibrium values (see Table 2 for E;) it is seen that the equilibrium density of
Orange trees increases in the absence of pathogen and herbivore. Also from the equi-
librium values (see Table 3 for F5), it is seen that the equilibrium density of healthy
Orange trees reduces due to the presence of pathogenic fungus and herbivores. In the
pathogenic fungus and also in the absence of herbivores, the density of healthy orange
trees is high; where as, if herbivore population is present then the density of healthy
orange trees reduces due to the preying activity even if pathogenic fungus is absent.
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Further, it is also noted that the herbivore population reduces when pathogenic fun-
gus is present due to infected orange trees on which herbivores are preying.
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