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Abstract: 

In fuzzy logic and fuzzy set theory, fuzzy membership functions are one of the main concepts 

for problem solving. Simply define the member elements by using the characteristic function, 

in which 1 indicates membership and 0 non-membership. For a fuzzy set, the characteristic 

function allows various degrees of membership for the elements of a given set. In this 

research article, we study different types of membership functions, such as triangular, 

trapezoidal, Gaussian, sigmoidal, shape-oriented, and probabilistic, to analyze and solve the 

fuzzy transportation problems with the help of numerical examples. 

 

Keywords: Fuzzy logic, Fuzzy set theory, Membership function, Fuzzy Transportation 

Problem (FTP), Triangular, Trapezoidal. 

 

Introduction: 

The first concept of fuzzy set theory was introduced by Zadeh [1965]. It deals with uncertain 

objects and situations. Similarly, H.-J. Zimmermann [1980] researches fuzzy situations that 

follow; the majority of the traditional modeling, reasoning, and computing techniques are 

characterized by crispness, determinism, and precision. By crisp, we mean binary type as 

opposed to approximation type. For example, in traditional dual logic, a statement can be true 

or false, with no between ground. Similar to how an element in set theory can either belong to 

a set or not, a solution in optimization can either be feasible or not. Accuracy presupposes 

that a model's parameters accurately capture either our understanding of the phenomenon 

being represented or the characteristics of the actual system being modeled. In general, 

precision also suggests that there are no ambiguities in the model or that it is unequivocal. 
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In this paper, we study different types of membership functions, such as triangular 

membership functions, trapezoidal membership functions, Gaussian membership functions, 

sigmoidal membership functions, generalized bell-shaped membership functions, evaluate 

fuzzy membership functions, difference between two sigmoidal membership functions, 

Gaussian combination membership functions, pi-shaped membership functions, product of 

two sigmoidal membership functions, s-shaped membership functions, z-shaped membership 

functions, perform fuzzy arithmetic membership functions, defuzzify membership functions, 

and probabilistic OR membership functions, to analyze and solve the fuzzy transportation 

problems with the help of numerical examples to know about the effects of different types of 

fuzzy membership functions on the fuzzy transportation problem and their solutions. 

Fuzzy Membership Functions: 

In fuzzy logic and fuzzy set theory, fuzzy membership functions are one of the main concepts 

for problem solving. Simply define the member elements by using the characteristic function, 

in which 1 indicates membership and 0 non-membership. For a fuzzy set, the characteristic 

function allows various degrees of membership for the elements of a given set. 

If 𝑋 is a collection of objects denoted generically by 𝑥, then a fuzzy set 𝐴ሚ in 𝑋 is a set of 

ordered pairs: 

𝐴ሚ = {(𝑥, 𝜇෨(𝑥))|𝑥 ∈ 𝑋} 

𝜇෨(𝑥) is called the membership function or grade of membership (also degree of 

compatibility or degree of truth) of 𝑥 in 𝐴ሚ that maps 𝑋 to the membership space 𝑀 (When 𝑀 

contains only the two points 0 and 1, 𝐴ሚ is non-fuzzy and 𝜇෨(𝑥) is identical to the 

characteristic function of a fuzzy set). The range of the membership function is a subset of 

the non-negative real numbers whose supremum is finite. Elements with a zero degree of 

membership are normally not listed. 
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Numerical Example: 

The transportation problem to solved using different types of fuzzy membership functions. 

Table.1 Transportation problem 

Destinations D1 D2 D3 D4 Supply 

Sources 

S1 14 56 48 27 70 

S2 82 35 21 81 47 

S3 99 31 71 63 93 

Demand 70 35 45 60  

 

Triangular membership function [trimf] or Evaluate fuzzy membership function 

[evalmf]: 

𝜇(𝑥; 𝑎, 𝑏, 𝑐) =

⎩
⎪
⎨

⎪
⎧ 0   𝑖𝑓 𝑥 ≤ 𝑎

ೣషೌ

್షೌ
         𝑖𝑓 𝑎 < 𝑥 ≤ 𝑏

ି௫

ି

0

        𝑖𝑓 𝑏 < 𝑥 < 𝑐
𝑖𝑓 𝑥 ≥ 𝑐

 

𝑥 is the input value 

𝑎, 𝑏, 𝑐 are parameters of the triangle’s start, peak and end respectively. 

Table.2 Membership values of the Table.1 for Triangular membership function [trimf] or 

Evaluate fuzzy membership function [evalmf] 

0.4 0.8 0.8 0.7 1 

0.8 0.5 0.9 0.9 0.7 

0.1 0.9 0.9 0.7 0.7 

1 0.5 1 0  

 

Gaussian membership function [gaussmf]: 

𝜇(𝑥; 𝑐, 𝜎) = 𝑒
ି

(ೣష)మ

మమ  
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𝑥 is the input value 

c is the center (mean) of the Gaussian function 

𝜎 is the standard deviation, which controls the width of the bell curve. 

Table.3 Membership values of the Table.1 for Gaussian membership function [gaussmf] 

0.1353 0.8353 0.9802 0.8353 0.1353 

0.006 0.3247 0.1979 0.0082 0.955 

0.015 0.164 0.995 0.783 0.071 

1 0.3247 0.882 0.6065  

 

Generalized bell-shaped membership function [gbellmf]: 

𝜇(𝑥; 𝑎, 𝑏, 𝑐) =
1

1 + ቚ
௫ି


ቚ

ଶ 

𝑥 is the input value 

𝑎 is a parameter that controls the width of the bell shape 

𝑏 is a parameter that controls the slope of the bell shape 

𝑐 is the center of the bell. 

Table.4 Membership values of the Table.1 for Generalized bell-shaped membership function 

[gbellmf] 

0.325 0.884 0.998 0.992 0.5 

0.998 0.943 0.604 0.9999 0.992 

0.604 0.9999 0.9999 0.992 0.992 

1 0.943 0.943 1  

 

Difference between two sigmoidal membership function [dsigmf]: 

𝑆(𝑥; 𝑎, 𝑐) =
1

1 + 𝑒ି(௫ି)
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𝑥 is the input value 

𝑎 is a parameter that determines the slope of the sigmoid curve 

𝑐 is the center (the point of inflection) of the sigmoid curve 

𝐷(𝑥; 𝑎ଵ, 𝑐ଵ, 𝑎ଶ, 𝑐ଶ) = 𝑆(𝑥; 𝑎ଵ, 𝑐ଵ) − 𝑆(𝑥; 𝑎ଶ, 𝑐ଶ) 

𝑎ଵ and 𝑐ଵ are the parameters of the first sigmoidal function 

𝑎ଶ and 𝑐ଶ are the parameters of the second sigmoidal function 

Table.5 Membership values of the Table.1 for Difference between two sigmoidal 

membership function [dsigmf] 

0.244 0.432 0.459 0.451 0.462 

0.450 0.440 0.395 0.367 0.451 

0.159 0.620 0.461 0.453 0.211 

0.462 0.440 0.440 0.462  

 

Gaussian combination membership function [gauss2mf]: 

𝐺(𝑥; 𝑐, 𝜎) = 𝑒
ି

(ೣష)మ

మమ  

𝑥 is the input value 

c is the center (mean) of the Gaussian function 

𝜎 is the standard deviation, which controls the width of the bell curve. 

Product of two Gaussian functions 

𝐺ௗ௨ఙ௧(𝑥; 𝑐ଵ, 𝜎ଵ, 𝑐ଶ, 𝜎ଶ) = 𝐺(𝑥; 𝑐ଵ, 𝜎ଵ) × 𝐺(𝑥; 𝑐ଶ, 𝜎ଶ) 

Sum of two Gaussian functions 

𝐺௦௨(𝑥; 𝑐ଵ, 𝜎ଵ, 𝑐ଶ, 𝜎ଶ) = 𝐺(𝑥; 𝑐ଵ, 𝜎ଵ) + 𝐺(𝑥; 𝑐ଶ, 𝜎ଶ) 

Table.6 Membership values of the Table.1 for Gaussian combination membership function 

[gauss2mf] 
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0.6543 0.651 0.4656 0.3912 0.457 

0.4374 0.51596 0.7629 0.4448 0.2962 

0.6065 0.2282 0.6065 0.5708 0.5708 

0.607 0.5336 0.466 0.607  

 

Pi shaped membership function [pimf]: 

𝜇(𝑥; 𝑎, 𝑏, 𝑐, 𝑑) =

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

0                𝑖𝑓 𝑥 ≤ 𝑎

2 ቀ
௫ି

ି
ቁ

ଶ

            𝑖𝑓 𝑎 < 𝑥 ≤
ା

ଶ

1 − 2 ቀ
௫ି

ି
ቁ

ଶ

    𝑖𝑓 
ା

ଶ
< 𝑥 ≤ 𝑏

1                      𝑖𝑓 𝑏 < 𝑥 ≤ 𝑐

1 − 2 ቀ
௫ି

ௗି
ቁ

ଶ

   𝑖𝑓 𝑐 < 𝑥 ≤
ାௗ

ଶ

2 ቀ
௫ିௗ

ௗି
ቁ

ଶ

  𝑖𝑓 
ାௗ

ଶ
ழ௫ஸௗ

0            𝑖𝑓 𝑥 > 𝑑

 

𝑎 and 𝑑 are the points where the function begins and ends respectively. 

𝑏 and 𝑐 are the points where the function reaches the value of 1. 

Table.7 Membership values of the Table.1 for Pi shaped membership function [pimf] 

0.32 0.68 0.68 1 1 

0.92 1 0.98 0.98 1 

0 0.98 1 1 0 

1 1 1 1  

 

Product of two sigmoidal membership functions [psigmf]: 

𝑆(𝑥; 𝑎, 𝑐) =
1

1 + 𝑒ି(௫ି)
 

𝑥 is the input value 

𝑎 is a parameter that determines the slope of the sigmoid curve 

𝑐 is the center (the point of inflection) of the sigmoid curve 

Journal of Systems Engineering and Electronics  (ISSN NO: 1671-1793) Volume 34 ISSUE 10 2024

PAGE N0: 48



𝑆ௗ௨ఙ௧(𝑥; 𝑎ଵ, 𝑐ଵ, 𝑎ଶ, 𝑐ଶ) = 𝑆(𝑥; 𝑎ଵ, 𝑐ଵ) × 𝑆(𝑥; 𝑎ଶ, 𝑐ଶ) 

Table.8 Membership values of the Table.1 for Product of two sigmoidal membership 

functions [psigmf] 

0.2128 0.2597 0.1903 0.1426 0.1963 

0.2389 0.2356 0.0683 0.2174 0.1424 

0.6177 0.0975 0.0682 0.1918 0.7140 

0.2358 0.2356 0.2358 0.2358  

 

Sigmoidal membership function [sigmf]: 

𝑆(𝑥; 𝑎, 𝑐) =
1

1 + 𝑒ି(௫ି)
 

𝑥 is the input value 

𝑎 is a parameter that determines the slope of the sigmoid curve 

𝑐 is the center (the point of inflection) of the sigmoid curve 

Table.9 Membership values of the Table.1 for Sigmoidal membership function [sigmf] 

0.168 0.931 0.858 0.426 0.982 

0.995 0.622 0.289 0.994 0.848 

0.999 0.525 0.983 0.964 0.998 

0.982 0.622 0.818 0.952  

 

S-shaped membership function [smf]: 

𝑆(𝑥; 𝑎, 𝑏) =

⎩
⎪
⎨

⎪
⎧

0

2 ቀ
௫ି

ି
ቁ

ଶ

1 − 2 ቀ
ି௫

ି
ቁ

ଶ

1

         

𝑖𝑓 𝑥 ≤ 𝑎

 𝑖𝑓 𝑎 < 𝑥 ≤
ା

ଶ

𝑖𝑓 
ା

ଶ
< 𝑥 < 𝑏

𝑖𝑓 𝑥 ≥ 𝑏

 

𝑎 is the point where the function starts to increase 

𝑏 is the point where the function reaches 1. 
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Table.10 Membership values of the Table.1 for S-shaped membership function [smf] 

0.32 0.755 0.32 0.245 0.5 

0.595 0.5 0.18 0.439 0.245 

0.558 0.595 0.151 0.375 0.636 

0.5 0.5 0.5 0.5  

 

Trapezoidal membership function [trapmf]: 

𝑇(𝑥; 𝑎, 𝑏, 𝑐, 𝑑) =

⎩
⎪
⎨

⎪
⎧

0
ೣషೌ

್షೌ

1
షೣ

ష

0

      

𝑖𝑓 𝑥 ≤ 𝑎
𝑖𝑓 𝑎 < 𝑥 ≤ 𝑏
𝑖𝑓 𝑏 < 𝑥 ≤ 𝑐
𝑖𝑓 𝑐 < 𝑥 ≤ 𝑑

𝑖𝑓 𝑥 ≥ 𝑑

 

𝑎 is the start of the rise 

𝑏 is the start of plateau 

𝑐 is the end of the plateau 

𝑑 is the end of the fall. 

Table.11 Membership values of the Table.1 for Trapezoidal membership function [trapmf] 

0.4 0.4 1 0.7 0 

0 1 1 0 1 

0 1 1 0.7 0 

0 1 1 1  

 

Z-shaped membership function [zmf]: 

𝑍(𝑥; 𝑎, 𝑏) =

⎩
⎪
⎨

⎪
⎧

1

1 − 2 ቀ
௫ି

ି
ቁ

ଶ

2 ቀ
ି௫

ି
ቁ

ଶ

0

         

𝑖𝑓 𝑥 ≤ 𝑎

 𝑖𝑓 𝑎 < 𝑥 ≤
ା

ଶ

𝑖𝑓 
ା

ଶ
< 𝑥 < 𝑏

𝑖𝑓 𝑥 ≥ 𝑏

 

𝑎 is the point where the function starts to decrease 
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𝑏 is the point where the function reaches 0. 

Table.12 Membership values of the Table.1 for Z-shaped membership function [zmf] 

0.68 0.437 0.68 0.755 0.111 

0 0.875 0.995 0.02 0.755 

0 0.82 0.7312 0.6222 0.155 

0.111 0.875 0.875 0  

 

Defuzzify membership function [defuzz]: 

Table.13 Membership values of the Table.1 for Defuzzify membership function [defuzz] 

0.6 0.62 0.9 0.08 1 

0.4 0.25 0.1 0.55 0.85 

1 0.05 0.95 0.35 0.7 

1 0.25 0.75 0.5  

 

Probabilistic OR [probor]: 

Table.14 Membership values of the Table.1 for Probabilistic OR [probor] 

0.79 0.7536 0.7504 0.8029 0.79 

0.8524 0.7725 0.8341 0.8461 0.7509 

0.9901 0.7861 0.7941 0.7669 0.9349 

0.79 0.7725 0.7525 0.76  
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Perform fuzzy arithmetic [fuzarith]: 

Table.15 Membership values of the Table.1 for Perform fuzzy arithmetic [fuzarith] 

1 0.5 0.3 0.4 0.5 

0.5 0.5 0.5 0.5 0.5 

0.5 0.5 0.5 0.5 0.5 

0.5 0.5 0.5 0.5  

 

Conclusion: 

From the above tables, we can see that different kinds of membership value for the same 

transportation table. But we commonly use triangular membership functions, trapezoidal 

membership functions, and sigmoidal membership functions for evaluating the fuzzy 

transportation problems and also evaluate fuzzy membership functions [evalmf] and 

triangular membership functions [trimf], giving similar results. Respectively, the Gaussian 

membership function and the Gaussian combination membership function are similar. And in 

sigmoidal, there are three types: difference between two sigmoidal membership functions 

[dsigmf], product of two sigmoidal membership functions [psigmf], and sigmoidal 

membership function [sigmf], which is practically similar. 
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